ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 1 - 25 points max.

A thin-walled pressure vessel is fabricated by welding together two, open-ended stainless-steel vessels
along a 60° weld line. The welded vessel has an internal radius of R = 1 m and a thickness t = 0.1 m. The
gas pressure inside the vessel is p.

a) Determine the axial and hoop stresses, o, and oy, in terms of the internal pressure p. Draw the state of
stress at point A and its Mohr’s circle.

b) Use the Mohr’s circle to determine the components of stress, o, g; and 7,,;, in terms of the internal
pressure p, along the weld line.

c) Use the Mohr’s circle to determine the maximum gas pressure p, such that BOTH of the following
conditions are met:
e The maximum shear stress of the vessel does not exceed the yield strength of stainless-steel,
oy = 1000 MPa, AND:
e The maximum normal stress along the weld line does not exceed the welding strength in tension,
o,,=3000 MPa.
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ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 2 — 25 points max.
The beam AB is supported by a pin at A, a roller at B and a post

having a 20 cm diameter at C. The post and the beam have a Young’s 1o/

modulus of £ = 200 GPa, and the second area moment of the beam is HEEEEEEEREEEN
I =200 10° mm*. In your analysis, neglect the contribution of shear (oL ()
strain to the total strain energy.

a) Using Castigliano’s second theorem:

1. Determine the reactions on the beam at A, B and C.
ii. Determine the slope of the beam deflection at B.

b) Under what assumptions can you neglect the contribution of shear strain to the total strain energy?

If the dimensions of the beam cross section are much smaller than the lenoth of the heam.

SOLUTION
FBD 1 8p, xp,y
””””””””””””” i l " FBD 3
4 C B A | Hd ) ° C B4
T L lc ) . =
FBD 2 Tcy 77777777777777777 Fo 7777777777777 . FeD4
() a Ce K o ‘) Be
1 [ v
c, 4 | Cyl x £
From FBD 1
3
‘ZMA =—C,(3)+B,(8)-8p,(4)=0 = B, =3C,+4n,
i 5
D F,=A,+B,~C,-8p, =0 = 4,=2C,+4p
The problem is INDETERMINATE: will choose C ) as the redundant load.
From FBDs 3 and 4.
X 5 1 2
ZMhz—Ayx+xpo(5}+M1=O = Ml(x)=[4p0+§Cij—§p0x

ZMK :—Ayx+xp0[§]+cy(x—3)+ M,=0 = Mz(x)=[—%Cy+4p0)x+3cy—%l70x2

METHOD #1 — consider the strain energy from only the beam (C » is an external “applied” force)

U= 2EIjM2 dx+EJM2 x)dx



Using Castigliano’s theorem, along with rod elongation equation: v = C | EA:

C L oM oM
_VC:a_U :>__y: ! 1 ldx 1 J.Mz_ldx =
aCy EA EI aC EI3 aCy

3 8
IREE 5 1, 1 3 3 1, C,
O—Eo(ng{(él- +8Cij—5p0x }dx+E£(—§x+3jK—§Cy+4pojx+3Cy—Epox i|dx+a
3
13[(5 25\, 5
- 2c d
EIOK2PO 64 yj T16™0” } )
8

1 9 9 , 3 5 C,
+—1|9C +| —=C +12p, |x+| —C —3p, [x"+—pyx~ |dx +—
EI'![ y ( 47 po} (64 y po) 1670 } EA

(200x10%mm* )(m /1000mm)" 5

where: — = > =
4 (0.2/2) m? 7
Solving gives
Cy=—49.3kN
B —3C 4p,=21.5kN
y =gy TP =S
5

Ay=2Cy+4py =918 kN

METHOD #2 — consider the strain energy from both the beam and rod together (C » is a reaction force)

IMZ dx+—jM2 d+l@

Y 2 EA

Using Cas‘ughano S theorem.
U1 }M M,

— aMl
oC, EI

—Ldx+— | M, —Ldx+—=
bac EI-! 2aC, = EA
This gives the same equation for C ) as does METHOD #1.



ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 3 — 25 points max.
Beam BD is supported by a fixed wall at end B, and by a roller support at C. A concentrated couple M,

acts at D. The beam is made up of a material with a Young’s modulus £ and has a constant cross section
with a second area moment of / over the full length of the beam. Using either the second-order or fourth-
order integration integration methods:

a) determine the reaction force acting on the beam at C.
b) determine the slope of the deflection 6, of the beam at D

Leave your answers in terms of, at most: M, 0- B 1 and a.

A
=
—> ~
M
b_
i&./

2 ) o
2 e———a——| x Tcy
B C
Section BC
> My =—M(x)+C,(2a-x)-My=0 = M(x):(2aCy —MO)—ny

X

0(x)= 0(0)+%£[(2a€y = My)- Cyx = o+é{(2acy - Mo)x—%cyxz}

X

v(x)zv(0)+éj[(2aCy—Mo)x—%nyz}dx:0+$[;(2aC - My )+’ —éc x }

0

Since v(2a) =0, we have:

O:El[z(zac M)( ) —gC( )}:E[gcya3—2Moa2 =|C :Z—O

Also,

bic;';" D i'_:'_ﬁZ'_'_Z'_'_:'_:'_'_Z'_'_ﬁZ'_:'_'_Z'_'_ﬁZ'_'_Z'_'_Z'_'_E'_C'_Tl:

=-M,-M(x)=0 = M(x)=—-M B

C D¥
Therefore, *
1 M M 3 M
9(3a 2a +—I[ —EE—IOa—?IO(?aa—%l):—E?IOa:GD




ME 323 Examination #2 SOLUTION

April 11, 2018

PROBLEM NO. 4 - PART A -7 points max.

A beam is made up a material with a Young’s modulus of £ and has a constant cross section with a second area

moment of /. A downward, constant line load p, (force/length) acts along the full length of the beam. The beam has

roller supports at B and C, along with a pin joint support at end D. Using the superposition approach, determine the

reaction force acting on the beam at the roller support C.

SOLUTION B ) ’
WAL L 4

v(2a) =0=y, (2a)+v2 (2a)

= gq{2a)| e ~2(3a)aa)" () [ o)) (e ) [ e

3
a 11 4 33
[ pya+—-C } = Cyz—poa

“EIl 12 9 Y 16



ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 4 - PART B - 3 points max.
Cantilevered beams A, B and C shown below are acted upon by a point load P acting at the free end of the beam. The
cross sections and lengths of each beam are the same. Beams A and B are made up of steel and aluminum,

respectively, whereas Beam C is made up of both steel and aluminum components over its length. Let ‘0' A‘ ,
max

‘O' B‘ and ‘O' C‘ be the maximum normal stress in Beams A, B and C, respectively. Circle the correction
max max

responses below:

[TRUEJor FALSE: |0 | ~ =[o,|

All structures are DETERMINATE.
TRUEfor FALSE: |0 |  =|o| .
Almax Clmax Stresses do not depend on materials.
TRUEfor FALSE: |65 =|o|
max max
P P P
::: steel v aluminum v EE steel aluminum 3,
3 3 |
B & 3
;< btk bl  —
Beam A Beam B Beam C

PROBLEM NO. 4 - PART C - 2 points max.

The proppped-cantilevered beams A, B and C shown below are acted upon by a point load P acting at the free end of
the beam. The cross sections and lengths of each beam are the same. Beams A and B are made up of steel and
aluminum, respectively, whereas Beam C is made up of both steel and aluminum components over its length. Let

o B‘ and |0 C‘ be the maximum normal stress in Beams A, B and C, respectively. Circle the
max max

o
‘ A max ’
correction responses below:

TRUE ol FALSEf|o |  =|o| All structures are INDETERMINATE.
Stresses depend on deflections, which are
TRUE of FALSE ‘O-B‘max = ‘Gc|max dependent on material properties.
P P P

gg steel v %S aluminum v steel aluminum 3,

) oS

N 3 |
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ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 4 - PART D - 7 points max.

A rod is made up of solid, circular cross-section segments (1), (2) and (3), where Segment (1) has a length of 2L and
diameter 2d, Segment (2) has a length of L and diameter d, and Segment (3) has a length of L and diameter 2d. All
segments are made up of a material having a Young’s modulus of E. Loads of P and 2P act on the rigid connectors,
as shown below. You are asked to set up a three element, finite element model for displacement analysis of this rod,

using one element for each of the rod segments. To this end, write down the stiffness matrix [K ] and load

vector {F } for the model after the boundary conditions have been enforced on the model.

SOLUTION
2
L _E4, Em(2d/2) _nEd_ [ Ed
2L 2L T\ 4L
® ) (3)
R P e | = S
= = = — =7
2L L 4 L 4L
2
EA, Em\2d/2 2 2
b= ( ):nEd Jf - Ed
L, L L 4L
Therefore, before enforcing BCs:
2 =2 -k
Ed*| - _ _
L I I 152 B
4L -1 5 4 2P
4 4 F,

After enforcing BCs (removing 1* and 4™ rows and columns of [K] and the 1% and 4™ row of {F}:

G R EERUE Y



ME 323 Examination #2 SOLUTION
April 11, 2018

PROBLEM NO. 4 - PART E - 6 points max.
A state of stress is characterized by its unknown x-y components on the stress element shown below. When the stress
element is rotated through an angle of 120°, the state of stress has the n-f components shown below right.

a) Draw the Mohr’s circle for this state of stress on the axes provided below. Carefully label the center of the
circle as well as its radius. Show the x-axis on the Mohr’s circle.

b) What is the maximum in-plane shear stress?

¢) Whatarethe 0, O y and 7  components of this state of stress?

SOLUTION
0, +0 22+12
e = P12 £2 - = Tksi
Cp —O —
R=-121 Pz:22 12=5ksi
2 2 x

=R=5ksi

‘T| ]
max ,in—plane

From Mohr’s circle shown:
0.=0,,~ Rcos60°=17— (5) cos60°=14.5 ksi
5)

0,=04, + Rcos60° = 17+( c0s60°=19.5 ksi

7., =—Rsin60° =—(5)sin60° = —4.33 ksi

X — axis

y—axis

O-P2=12ksi 0'P1=22ksi

O gve =17 ksi

ave



