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PROBLEM # 2 (25 points) 

The beam BCD is fixed to the wall at B and supported by a roller at C. A concentrated moment ܯ is 
applied at D. The beam has Young's modulus E and second moment of area I. 

a) Draw a free-body diagram of the entire beam, and write down the equilibrium equations. 

b) Use the second-order integration method to find the slope v'(x) and deflection v(x) of each 
segment of the beam. These can be left in terms of the unknown support reactions. 

c) Write down the relevant boundary conditions and continuity conditions for the beam. 

d) Use the boundary/continuity conditions to determine the reactions at B and C in terms of ࡹ and L. 

e) Determine the deflection of the free end D. Sketch the deflection curve over the length of the beam. The 
sketch does not need to be exact. Show enough detail to clearly indicate the boundary conditions. 

 

 

 

  

 

SOLUTION

Iggy

slope notconstant
VI x

Zero slope

3 solutions are provided
The F BD equilibrium equ's fr
the entire structure are the same

The Boundary Continuity
conditions

are the same for all 3 so eu's

The sketch of the deflection
curve

is the same
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PROBLEM # 2 CONT. 
  

SO L D TI O N I

Solution use definite integrals

SectionBL O L X C L

MBE I pm
EMA Mi mis By x

o

ImilxmBtByxI EIg
By O

O x o EI MB By x dx

II MB x ByE 9
v 47 0 0

mix By E dx

EI MB By

L EI MBL ByEJ Oc 3

M L MB By EJ 0
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Oz x

03
t EI MB By x Gx GDd
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ByY By t GE GE CyLx yid

v2 x Oc x L EI ME x L J MB L x D

By x
3 13 BII x L Cy x 3 23

GI x L GI x2 a G L G Y LD

where Ge is given by Eq u 3
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SOLUTION 2

solution D se indefinite integral

SIBI
O C X CL

MB III 4m
EMA M MB By x o

M X MB By X
E Ier

By EIN MB x By t C

E IN m By It Gets

B C's at X O

V o L 0

Ni o Cz 0

w L MBL t By
N L MB By 0

Write MB By in terms ofCy Equis 142

cya t.meBI me
m
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Sectioned L C X C 2L

MEEEEE't
ma

Mk M z MB By X Cy x 2 D

Me x M By x G
x Cy L EINE

EIN MB x By Et GE Cy
L Xt Cz

EI Nz MB By CyÉ G L Et G x Cy

B C's E Continuity at x L

vz L O NI L v1 L

Nz L My Et By Et Cy É G Et C L Cy
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u L MBL BYE

solve
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Replace 3 MB By Cy in Nz
C 0

a solve for Cy

lam.tt
Replace X 2h in Nz x

t.ua7T
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SOLUTION 3

solution 1 se the RHS of the beam
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There are many different ways to do this question (6), so 
the grading was flexible, but the general procedure is:

1. Find two equilibrium equations.

2. Find M(x) in two sections.

3. Put M(x) in terms of only the redundant load.

4. Enforce BC using Castigliano’s equation

δU

δ𝐴𝑦
= 0 𝑜𝑟

δU

δ𝐶𝑦
= 0 or

δU

δ𝑀𝐴
= 0

5. Use the solved reaction to find other reactions.

6. Find the change in angle at C by using Castigliano’s:

θ =
δU

δ𝑀𝐶 𝑀𝐶=0

Most common errors:

• Small math errors (just lose a few points)

• Taking the partial derivative without isolating for the 
redundant load.
δ

δ𝐴𝑦
𝐴𝑦𝑥 +𝑀𝐴 ≠ 𝑥

δ

δ𝐴𝑦
𝐴𝑦𝑥 +𝑀𝐴 = 𝑥 +

δ𝑀𝐴

δ𝐴𝑦
= 𝑥 − 𝐿

• Limits of integration on the integral of U.

Exam 2: Q3



P
A

B

C

L/2 L/2

Exam 2: Q3

P MCMA

Ay Cy

(1)

(2)

𝑀

𝐴

= −𝑀𝐴 +𝑀𝐶 − 𝑃
𝐿

2
+ 𝐶𝑦𝐿 = 0 (1)

𝐹𝑦 = 𝐴𝑦 + 𝐶𝑦 − 𝑃 = 0 (1)

(1)

(2)



(a) Example 1: Cy redundant, solve 
from the right (easiest method)

MC

Cy

M1

𝑀

1

= −𝑀1 +𝑀𝐶 + 𝐶𝑦𝑥 = 0 𝑀1 = 𝑀𝐶 + 𝐶𝑦𝑥

MCM2 P

σ𝑀 2 = −𝑀2 +𝑀𝐶 + 𝐶𝑦𝑥 − 𝑃 𝑥 −
𝐿

2
= 0

𝑀2 = 𝑀𝐶 + 𝐶𝑦𝑥 − 𝑃 𝑥 −
𝐿

2

(2)

(2)

δ𝑀1

δ𝐶𝑦
= 𝑥

δ𝑀2

δ𝐶𝑦
= 𝑥 (2)

δU

δ𝐶𝑦 𝑀𝐶=0

= 0 =
1

EI
0
𝐿/2

𝑀1
δ𝑀1

δ𝐶𝑦
𝑑𝑥 +

1

EI
𝐿/2
𝐿
𝑀2

δ𝑀2

δ𝐶𝑦
𝑑𝑥

x

x

(2)0 =
1

EI
0
𝐿/2

𝐶𝑦𝑥
2𝑑𝑥 +

1

EI
𝐿/2
𝐿
𝐶𝑦𝑥

2 − 𝑃𝑥2 + 𝑃
𝐿

2
𝑥 𝑑𝑥

(2)



0 =
1

EI
0
𝐿
𝐶𝑦𝑥

2𝑑𝑥 +
1

EI
𝐿/2
𝐿
−𝑃𝑥2 + 𝑃

𝐿

2
𝑥 𝑑𝑥

Rearrange to make the integrals easier

0 =
1

3
𝐶𝑦𝑥

3

0

𝐿
+ −

1

3
𝑃𝑥3 + 𝑃

𝐿

4
𝑥2

𝐿/2

𝐿

Integrate and multiply by EI

0 =
1

3
𝐶𝑦𝐿

3 − 𝑃
1

3

7

8
𝐿3 + 𝑃

1

4

3

4
𝐿3

1

3
𝐶𝑦𝐿

3 = 𝑃
14

48
𝐿3 − 𝑃

9

48
𝐿3 𝐶𝑦 =

5

16
𝑃

(2) 𝐴𝑦 =
11

16
𝑃

𝑀𝐴 =
3

16
𝑃𝐿(1)

(1)

(1)

(1)

δU

δ𝑀𝐶 𝑀𝐶=0
= θ =

1

EI
0
𝐿/2

𝑀1
δ𝑀1

δ𝑀𝐶
𝑑𝑥 +

1

EI
𝐿/2
𝐿
𝑀2

δ𝑀2

δ𝑀𝐶
𝑑𝑥(2)

δ𝑀1

δ𝑀𝐶
= 1

δ𝑀2

δ𝑀𝐶
= 1 (2)

θ =
1

EI
0
𝐿/2

𝐶𝑦𝑥𝑑𝑥 +
1

EI
𝐿/2
𝐿
𝐶𝑦𝑥 − 𝑃𝑥 + 𝑃

𝐿

2
𝑑𝑥

θ =
1

𝐸𝐼

1

2
𝐶𝑦𝑥

2

0

𝐿
+

1

𝐸𝐼
−

1

2
𝑃𝑥2 + 𝑃

𝐿

2
𝑥

𝐿/2

𝐿

(2)

(b) 

θ =
1

EI

1

2
𝐶𝑦𝐿

2 − 𝑃
1

2

3

4
𝐿2 + 𝑃

1

2

1

2
𝐿2

θ =
1

EI

5

32
𝑃𝐿2 −

12

32
𝑃𝐿2 +

8

32
𝑃𝐿2 =

1

𝐸𝐼

1

32
𝑃𝐿2 (1)



(a) Example 2: Ay redundant, solve 
from the left (reasonable method)

M1

Ay

MA

𝑀

1

= 𝑀1 −𝑀𝐴 − 𝐴𝑦𝑥 = 0

σ𝑀 2 = 𝑀2 −𝑀𝐴 − 𝐴𝑦𝑥 + 𝑃 𝑥 −
𝐿

2
= 0

𝑀2 = 𝑀𝐴 + 𝐴𝑦𝑥 − 𝑃 𝑥 −
𝐿

2

(2)

(2)

δ𝑀1

δ𝐴𝑦
= 𝑥 − 𝐿

δ𝑀2

δ𝐴𝑦
= 𝑥 − 𝐿 (2)

δU

δ𝐴𝑦 𝑀𝐶=0

= 0 =
1

EI
0
𝐿/2

𝑀1
δ𝑀1

δ𝐴𝑦
𝑑𝑥 +

1

EI
𝐿/2
𝐿
𝑀2

δ𝑀2

δ𝐴𝑦
𝑑𝑥

x

(2)

0 =
1

EI
0
𝐿/2

𝐴𝑦 𝑥 − 𝐿 + 𝑃
𝐿

2
𝑥 − 𝐿 𝑑𝑥

+
1

EI
𝐿/2
𝐿

𝐴𝑦 𝑥 − 𝐿 − 𝑃 𝑥 − 𝐿 𝑥 − 𝐿 𝑑𝑥

(2)

𝑀1 = 𝑀𝐴 + 𝐴𝑦𝑥

M2

Ay

MA

x
P

(2) 𝑀𝐴 = 𝑀𝐶 + 𝑃
𝐿

2
− 𝐴𝑦𝐿 𝑀1 = 𝑀𝐶 + 𝑃

𝐿

2
+ 𝐴𝑦(𝑥 − 𝐿)

𝑀2 = 𝑀𝐶 + 𝐴𝑦(𝑥 − 𝐿) − 𝑃 𝑥 − 𝐿



0 = 𝐴𝑦
1

3
𝑥3 − 𝐿𝑥2 + 𝐿2𝑥 + 𝑃

𝐿

2

𝑥2

2
− 𝑃

𝐿2

2
𝑥

0

𝐿/2

+
1

3
𝑥3 − 𝐿𝑥2 + 𝐿2𝑥 (𝐴𝑦 − 𝑃)

𝐿/2

𝐿

0 = 𝐴𝑦
7

24
+ 𝑃

1

16
− 𝑃

1

4
+ 𝐴𝑦

1

24
− 𝑃

1

24

1

3
𝐴𝑦 = 𝑃

14

48
− 𝑃

3

48
𝐴𝑦 =

11

16
𝑃

(2) 𝐶𝑦 =
5

16
𝑃

𝑀𝐴 =
3

16
𝑃𝐿(1)

(1)

(1)

(1)

δU

δ𝑀𝐶 𝑀𝐶=0
= θ =

1

EI
0
𝐿/2

𝑀1
δ𝑀1

δ𝑀𝐶
𝑑𝑥 +

1

EI
𝐿/2
𝐿
𝑀2

δ𝑀2

δ𝑀𝐶
𝑑𝑥(2)

δ𝑀1

δ𝑀𝐶
= 1

δ𝑀2

δ𝑀𝐶
= 1 (2)

(2)

(b) 

θ =
1

EI
−

11

32
𝑃𝐿2 +

12

32
𝑃𝐿2 =

1

𝐸𝐼

1

32
𝑃𝐿2 (1)

0 =
1

EI
0
𝐿/2

𝐴𝑦 𝑥2 − 2𝑥𝐿 + 𝐿2 + 𝑃
𝐿

2
𝑥 − 𝑃

𝐿2

2
𝑑𝑥

+
1

EI
𝐿/2
𝐿

𝑥2 − 2𝑥𝐿 + 𝐿2 (𝐴𝑦 − 𝑃) 𝑑𝑥

θ =
1

EI
0
𝐿/2

𝐴𝑦 𝑥 − 𝐿 + 𝑃
𝐿

2
𝑑𝑥

+
1

EI
𝐿/2
𝐿

𝐴𝑦 𝑥 − 𝐿 − 𝑃 𝑥 − 𝐿 𝑑𝑥

θ =
1

EI
[−

1

2
𝐴𝑦𝐿

2 + 𝑃
𝐿

2

2
− 𝑃

1

2

3

4
𝐿2 + 𝑃

1

2
𝐿2








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































