ME 323 Final Examination SOLUTION
August 1, 2019
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PROBLEM NO. 1 - 20 points max.

A beam made up of a material with a Young’s modulus of £ and having a cross section with a second
area moment of / is supported by a pin joint at D, and by roller supports at C and H. A point load P
acts at end B of the beam. Using Castigliano’s method, determine the reaction on the beam at support
C. Express your answer in terms of P. You may ignore shear effects in your analysis.

Entire beam:
> M, =P(3a)-C,(2a)-D (a)=0 = D, =3P-2C,

P v y
> F,=-P+C +D ,~H, = H =D +C -P=2P-C,
Indeterminate...choose C ) as the redundant reaction. Me

B :[1)*
Section BC: o Vie
S M., =Mp.+Px=0 = Mpy.(x)=-Px

MCD

B¢ Ce Ii°‘
Section CD: . x Ven
ZMCm:MCD-i-Px—Cy(x—a):O = , b,

Mpy
Mep(x)=(~P+C,Jx=Cpa X cs Do) T
: o

Section DH: Pv

> M, =Mp, +Px=C, (x—a)-D (x-2a)=0 =
Mpy (x)=(-P+C,+D,)x-(C,+2D,)a

=(2P-C, )x-(6P-3C, )a



Strain energy:

a

LTy 1t
U:UBC+UCD+UDH:2EIJ Miedit—— jM dx + IjMDde

Castigliano’s theorem

U 14 oM 1% oM 1 3¢ oM,
0=—r=— BC dx + M Lix— | Mp,—22d
ac, EI-([ 5¢79C, A EI{ v73C, xEIZ-L PHaC, *

2a

= O+$ J. [(—P+ Cy)x— Cya}(x—a)dx+ézf[(2P— Cy)x—(6P—3Cy)aJ(—x+3a)dx

a a

Expand terms, integrate and solve the one equation for one unknown, C_ .
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Structural member BH (made up of a ductile material with a yield strength of ¢ ) has a fixed support

at end B. Two ideal pulleys (each having an outer radius of 2r) are attached to the member at C and D.
A cable (connected to ground at one end) is pulled over these two pulleys, with a load of P acting at
the free end of the cable. At end H, a compressive axial force 2P and a torque of 7 =4 Pr acts on the
member at end H, as shown in the figure. The circular cross section of the member at location K is
solid with an outer radius of 7.

a) Draw a free body diagram of section KH on the figure provided below. From this FBD,
determine the internal resultants in the member at K.

b) Show the stress components acting on the cross section at K in the figures provided on the

following page. Write down expressions for these stress components at point “a” in the table
provided on the following page.

c) Show the stress components on a stress element at K on the stress element for point “a”
provided on the following page.

d) Using the maximum shear stress theory, determine the maximum value of P for which the
structural component does not yield at point “a”.
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PROBLEM NO. 2 (continued)

D F,=V=0

Y My, =P(12r)-M=0 = M=12Pr
T=4Pr (given)

Fy,=2P
END view
y
a
load stress at “a”
b 2
z
M Glzﬂzlz P4r :ﬁﬁz
1 nr /4 T
v g fu_2p 2P
TOP view SIDE view N 2 A 2wl
y
o a Tr  4Pr* 8 P
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a NN p
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y
z
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a 62 Tl
a X — X
s o b 0,+0,
z
z
stress element at “a”
o,+o0, 25P
O —_— & —_—
ave 2 T 7’2
2 2 2
o,+0, 2 25 P 8 P V689 P
R=\|——= |+t =| == |t == | = —
2 T ]/'2 T rz T r2
Since R>0,,,,, O p, and O p, have opposite signs. Therefore:
T ‘ =|T =R
’ max|gps max|lip— plane
On the failure boundary:
2
&=|T ‘ _R= 689£ — p :7'L'GYI’
2 max| g4 T 1”2 max b /689
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PROBLEM NO. 3 — 20 points max.

SOLUTION

Members (1) and (2) above are each made of a material with a Young’s modulus of £ and a coefficient
of thermal expansion of o, and having a cross section with an area of 4. Members (1) and (2) are
pinned to a rigid structural member CK, with CK being pinned to ground at D. The temperatures of
members (1) and (2) are both increased by an amount of AT . A concentrated load P is applied at end,

with P=30ATEA.

Determine the stress in member (1) as a result of these loads. State whether this stress is tensile or

compressive. Clearly show the four steps in your solution process.

1. Equilibrium:
(1) > Mp=F(2a)-F(a)-P(2a)=0 = 2F-F,=2P

2. Force/elongation:

2) ¢= % +aAT (2a)

B) e= #+(XAT(4a)

3. Compatibility:
4) I ] = e =-2e
2a a ! 2

(@ Q 9
P
F D, le .
A TFZ
, b m
l F,

FBDs

4

Kinematics




4. Solve:
. 2Fla 4F2a
Equations (2)-(4): ——+20ATa=-2| ——+4oATa | =
EA EA
(5) 2F +8F,=-100ATEA
Equations (1) and (5):
2F+8(2F -2P)=-100ATEA = F = %(16P— 100ATEA) = %(xATEA

F 19 )
Therefore: 0, = ; = +305ATE (tenszle)
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PROBLEM NO. 4 — 20 points max.
A structural component is made up of a material having a yield strength of o, =60 ksi . A state of

plane stress at a point in this structureal component is represented by the (unknown) stress components
0,,0, and 7 o @8 shown in the stress element aligned with the xy-axes and as shown in the above-

left figure. When the stress element is rotated counterclockwise through an angle of 60°, the shear
stress on the surface perpendicular to the n-axis is zero, as shown in the above-right figure.

The following is known about this state of stress. The magnitudes of the maximum in-plane and

maximum absolute shear stress are |Tm =10 ksi and ’T = 20 ksi , respectively. It is also

ax | in—plane max | ab.
known that the largest principal component of stress is positive.
a) Determine the principal components of stress.

b) Draw the in-plane Mohr’s circle for this state of plane stress. Show the location of the x-axis on
the in-plane Mohr’s circle.

¢) Determine the o, , O y and T, components of stress.

d) If the maximum distortional energy theory is used in the failure analysis, what is the factor of
safety against yielding?

SOLUTION
Since |TmGX|abs >|Tmax‘m_plane and 0 p; >0, we know:
O py =+ T ]| , =40 ksi

O'P2=O'P1—2R=O'P1—2‘T

x|y ptame = 20~ 2(10) =20 si

It is given that 6, = 60°. With this, the Mohr’s circle, including the x-axis, is as shown on the next
page. From the Mohr’s circle, we see that:
0,.=0,,— Rsin30°=30-10sin30° = 25 ksi

O'y =0,,t Rsin30°=30+10sin30° =35 ksi



Ty= +Rcos30° =10cos30° = 5\/5 ksi

From above, we have:

G, = \/cffo1 ~G O py +O0 5y = \/402 —(40)(20)+20* =34.6 ksi

and:
(o 60
FS=—Y=—=173 20
G, 346 [© s =
op =40
|T’”ax‘in—plane =10
o
Loy 20, =120°
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PROBLEM NO. 5 - PART A — 3 points max.
Consider the hinge shown below that is supported by a single pin whose cross-sectional area is A. A
load P is applied to end B of the hinge. What is the maximum shear stress in the pin?

[ [

B B A = cross sectional area of pin

aa

Y F=-4V+P=0 = V=P/4 = ngz

P
44

PROBLEM NO. 5 - PART B — 4 points max.

Point C moves 12 mm to the LEFT and 16 mm DOWN from the position shown. What is the
displacement of point C? What is the change in length of member BC? Does this change in length
represent elongation, compression or no change?

d = distance =\12% +16% = 20 mm

e=u,cos6 +vsind
=—12c0s(90°+36.87°)+(~16)sin(90°+36.87°)
= —12(—0.6)— 16(0.8) =-5.6 mm (compression)

0.6 m

A
Y

36.87° | Y
0.8 m
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PROBLEM NO. 5 - PART C - 4 points max.
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A beam with a triangular cross section is shown above. The loading on the beam produces the distribution of
bending moment M(s) shown below. (Neither the loading on the beam nor the beam supports are shown in the
figure.) Consider the four locations of B, C, D and H along the length of the beam.

i. Circle the location to the right at which the largest compressive stress exists: B C@ H.

ii. Circle the location to the right at which the largest tensile stress exists: B @ D H.
The stress is compressive on the top surface at D, and on the bottom surface at C. The magnitude of
the stress on the top surface is always larger than on the bottom surface since the top surface is
further from the neutral axis. Therefore for i., the answer is D
The stress is tensile on the top surface at C, and on the bottom surface at D. The magnitude of the

stress on the top surface is always larger than on the bottom surface since the top surface is further
from the neutral axis. Therefore for ii., the answer is C.
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PROBLEM NO. 5 - PART D - 3 points max.
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SOLUTION

L/3

D

Consider the four columns (A, B, C and D) shown above with differing boundary conditions and lengths. The
loading is the same for each column, each column is made up of the same material having a Young’s modulus
and each column has the same circular cross section.

a) Which column has the largest critical Euler buckling load? @ B C D

b) Which column has the second largest critical Euler buckling load? A B C@

¢) Which column has the smallest critical Euler buckling load? A B @ D

The Euler buckling loads for A-D are:

e IZ - [o.s(il/ )] ﬂmz%
EI EI 100 , EI

i 0y ® "

c: P =n IZ :nz[fﬂz =n2%

> e LEZ; - [2(513)]2 ) %”2%
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PROBLEM NO. 5 - PART E — 6 points max.

The ductile material making up the structural component shown is known to have failed in yielding at point “a”,
where the state of stress at “a” is shown below right. What is the angle 6 that defines the plane of yielding in
the material?

y
Z failure plane at a 14 ksi
] 16 ksi
7 0
10 ksi
X Q—% %—R
7 a *
7 e
SOLUTION
o,to 10-14
—_* Y _ — ;
O 0= —2 ksi
o,-0,) 10+14 )
- + 2
R=| =2 +1} = +(16)" =20 ksi
2 e 2
Since R > ‘O‘ ave| » W€ know that O | and O , have opposite signs, and from that:

=R =20 ksi

in—plane

’Tmax‘abs = ‘Tmax

== 20 ksi. From the Mohr’s circle

Failure will occur at the angle 6 corresponding to when 7 = i‘T max‘abs

shown below:

_l4300_

+90°=143.0° = QS
o, 10+2

T
204 =¢+90°= ran‘l(—"yono = tan_l(




