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Fourier Methods in Digital Signal Processing 
Final Exam ME 579, Fall 2009 
Tuesday, December 15th, 1-3pm.  Room Grissom 166. 
Prof.  Patricia Davies, Rm 370, Mechanical Engineering.  
 

Instructions for this CLOSED BOOK EXAM 
 
 2 hours long 

Answer ANY FIVE OF THE SEVEN Questions, just over 20 minutes per question. 
 Write on one side of the paper only.  Use space provided with question. 
 Use a ruler/straight edge when drawing graphs. 
 Label graphs as fully as possible.  

On completion,  leave exam at the front of the class with exam proctor. 
Make sure you solution is in order, and sheets paper-clipped or 
stapled together. 
Leave room quickly and quietly.  

 

 

NAME____________________________________________ 

 
 

 Maximum Score Your Score 

PROB 1 20  

PROB 2 20  

PROB 3 20  

PROB 4 20  

PROB 5 20  

PROB 6 20  

PROB 7 20  

Total 100  
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PROBLEM No. 1  
Fourier Series, Fourier Transforms and Spectra 
 

A periodic function of period Tp = 4 seconds is defined from -2 to +2 seconds as: 

x(t) = 10 for -2<t< -1.5 seconds, x(t)= 0 for -1.5 to +1.5 seconds, and x(t) = 10 for 1.5 
to +2 seconds.   The signal units is meters. 

(a) Sketch the signal labeling all axes as fully as possible. 

(b) Calculate the Fourier series coefficients. 

(c) Are the properties of the Fourier series coefficients as expected given the 
symmetries in the original signal? Explain. 

(d) Take the Fourier transform of the Fourier series expansion.  

(e) Sketch the result of the Fourier transform, labeling all axes as fully as possible.   
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PROBLEM No. 2 
Sampled Signals, Discrete Fourier Transforms, z-Transforms 
 
The Fourier transform of a sampled signal is: 

    

! 

X s ( f ) =

! 

x(n")e# j2$f"n

n=#%

%
& , 

 
where     

! 

X s ( f ) is the Fourier transform of the signal x(t) after it has been sampled every 
Δ seconds, and fs is the sample rate in samples per second. 

(a) If x(nΔ ) is a sequence that is zero for n < 0, and for n > N-1, what is the 
relationship between the discrete Fourier transform of this sequence and Xs( f )? 

(b) If If x(nΔ ) is a sequence that is zero for n < 0, and for n ≥ 0  is a sequence that is 
decaying towards 0 as n  ∞ , what is the problem with trying to take a discrete 
Fourier transform of this sequence?  

(c) If x( nΔ ) = an  for n ≥ 0, x( nΔ ) = 0 for n < 0, and  0 < a < 1, calculate the z-
transform of this sequence ( X(z) ), indicating the region of convergence. 

(d) Draw a pole-zero map.  

(e) From your result in part (c) write down Xs( f ), and sketch the magnitude of this 
function based on the pole-zero map. 

(f) If a was negative: -1 < a < 0, how would your sketch in part (e) change.  
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PROBLEM No. 3 
FIR Filters 
(a) In class we talked about two methods we called Method 1 and Method 2 for 

designing  Finite Impulse Response filters.  Explain what Method 2 involves. 

(b) In Method 2, what impact does the frequency resolution (spacing between 
adjacent frequency samples) have on the filter’s impulse response? 

(c) How do you check the details of the frequency response of the designed FIR filter? 
You may assume that the filter has non-zero impulse response values (hn) only for 
n between –M and +M. 

(d) Having designed the FIR filter using Method 2 and checked that its frequency 
response is OK, how would you use the filter coefficients  (hn) to filter a signal xn.  

(e) A student has a signal x(t) that she has sampled and she has 1024 samples. She 
would really like to put x(t) through a continuous system whose transfer function 
is H(s), but, of course, she has to do everything digitally on her computer.   
 
So, she does a Discrete Fourier Transform of xn,  multiplies the result by H(j2πf) 
evaluated at f=fk=k.fs/N where k=0,1,2,….1023, and then inverse discrete Fourier 
transforms the result, and takes the real part of her answer. 
 
Explain the main reasons why this is not a good idea, and suggest a better 
method for doing what she wants to do? 
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PROBLEM No. 4 
IIR Filters 
 

(a) When designing a digital Butterworth lowpass filter, why is pre-warping of the 
design frequencies (end of pass band, start of stop band) necessary? 

(b) An analog Butterworth lowpass filter has a frequency response in dB given by: 
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How do you determine ωc and n? 

(c) The behavior of a simple, causal IIR digital filter is given by: 

! 

yn = "0.81yn"2 + xn"5 " xn"7, 
where xn and yn are the input and output, respectively to the filter.  
 
Calculate the transfer function, H(z) of this digital filter.  
What is the region of convergence? 

(d) If instead of the 

! 

xn"5 " xn"7 terms in the above difference equation, you were given 

! 

xn " xn"2  how would the system frequency response change? 

(e) How would you determine (using the computer) the impulse response of the 
system in part (c)? 

(f) Why do systems with poles (at locations other than z=0) have infinite impulse 
responses? 
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PROBLEM No. 5 
Random Processes 

You may assume in the following system that r(t), x(t), n(t) and m(t) are zero mean, 
weakly stationary, uncorrelated, random processes and that * denotes convolution. 
  

y1(t) = h(t) * x(t) + n(t), 

y2(t) = g(t) * [ x(t)+2 r(t) ] + m(t), 

y(t) = y1(t) + y2(t). 
 

where * denotes convolution and h(t) and g(t) are the impulse responses of a linear, 
time-invariant systems.  You can assume that all signals are at steady state. 
 

(a) What is meant by weakly stationary? 

(b) Define the cross spectral density function Spq ( f ) in terms of the Fourier 
Transforms of truncated signals. You may assume that signals p(t) and q(t) 
are weakly stationary, zero mean, random processes.  

(c)  Define the frequency response estimator H1( f ) given two signals: input 
signal p(t)  and response signal q(t).  

(d) Determine H1( f ) if x(t) is the measured input and y(t) is the measured 
output.  Take care with notation when you do this derivation.  Give all the 
reasons why the coherence function may drop from 1 and approach 0 at 
certain frequencies.  
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Problem 6 
Statistics, Random Processes, etc. 
 

Let X be a random variable with a probability density function p(x).  
Let X1, X2, X3, X4, … XN  be N measurements of this random variable.  

(a) Define the mean and variance of the random process X, as integrals 
involving p(x). 

(b) Prove that the mean square value E[X2] = variance – mean2. 

(c) An estimation of a quantity φ, the location of a point in a plane,  is done by 
performing operations on N data measurements.  Each time N data points are 
gathered another estimate of φ is calculated.   Draw a picture to explain bias and 
variance of the estimator. 

(d) If a power spectral density is estimated by taking the Fourier transform of 
the entire data set, which is T seconds long, and calculating: 
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where Xk is the Discrete Fourier Transform of the sampled signal,  then, if T is 
large, the variance of the estimate approaches Sxx2(f), which is not good.   
 
What is another strategy to estimating the power spectral density that yields a 
much lower variance? What is the drawback of this new strategy? 

(e) What is the primary cause of bias in power spectral estimation? 

(f) Why are delays in a system a problem when calculating cross spectral 
densities? 
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PROBLEM No. 7 
Windowing and Convolution 
(a) Show that when two sinc functions, e.g,  K1 A sinc (π A t)  and K2 B sinc (π B t)   

( A > B ), are convolved together, the result is also a sinc function and it is a scaled 
version of the smoother sinc function, i.e., the less spikey one, that results. 

(b) Why is applying a Hann window in time more desirable in spectral estimation 
than applying a rectangular window? 

(c) Explain how to do the convolution of two discrete sequences in time (xn and hn)  
via discrete Fourier transforms. 

(d) If a finite length sequence is zero-padded, before taking the Discrete Fourier 
Transform, how does the result differ from the Discrete Fourier Transform of the 
sequency without zero padding?   
 
Illustrate your answer with the discrete Fourier transform of a sampled cosine 
wave of frequency 8 Hz with a sample rate of 32 Hz, that is windowed (rectangular) 
so that you only take 32 samples.  

(e) In part (d) what would happen if you transformed 128 samples instead of 32 
samples? 
 

 

 

 

 

 

 

 

 

 

 

 


