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AAE 333, FALL 2017 

Midterm Exam 2 
 
INSTRUCTIONS: 

DO NOT OPEN THIS TEST UNTIL TOLD TO DO SO 
THIS TEST IS CLOSED BOOK AND CLOSED NOTES 
You may use one double-sided handwritten original formula sheet.  Not a  

photocopy, computer-generated, or computer-printed formula sheet. 
Show your work to receive credit.  
Non-graphing, non-internet calculator permitted 

 
            

 

In 1976, U.S. Air Force SR-71 Blackbird flew from New York to London in less than two hours, reaching 
speeds exceeding Mach 3 and setting world records that have held up for nearly four decades. But those 
world records may not stay unbroken for long. That’s because today, at the birthplace of the Blackbird – 
Lockheed Martin’s Skunk Works – engineers are developing a hypersonic aircraft that will go twice the 
speed of the SR-71. It’s called the SR-72. The SR-71 was developed using 20th century technology. It was 
envisioned with slide rules and paper. It wasn’t managed by millions of lines of software code. And it 
wasn’t powered by computer chips.  All that changes with the SR-72. Envisioned as an unmanned 
aircraft, the SR-72 would fly at speeds up to Mach 6, or six times the speed of sound. At this speed, the 
aircraft would be so fast, an adversary would have no time to react or hide. 

http://www.lockheedmartin.com/us/news/features/2015/sr-72.html 

http://www.lockheedmartin.com/us/news/features/2015/sr-72.html
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1. [40 points] A space capsule travels in orbit at initial speed U0 = 8 km/s. The capsule is to be 
slowed down by a retro-rocket to U = 5 km/s in preparation for a reentry maneuver. The initial mass of 
the capsule is M0 = 1,500 kg. The retro rocket consumes fuel at a rate of 9 kg/s and the exhaust gases 
leave at Ve = 3000 m/s relative to the capsule and at negligible pressure difference with the 
surroundings. 

Neglecting drag, calculate the necessary duration of the retro-rocket firing. 
 

Solution: 
   
Mass conservation equation: 
 dM
dt

= −�̇�𝑚, where �̇�𝑚=9 kg/s. 
After integration: 
 M = M0 − �̇�𝑚𝑡𝑡 

 
Momentum equation in stationary reference frame: 

𝜕𝜕
𝜕𝜕𝑡𝑡
� 𝜌𝜌𝑢𝑢�⃑ 𝑑𝑑𝑑𝑑

𝑉𝑉
= −� 𝜌𝜌𝑢𝑢�⃑ (𝑢𝑢�⃑ ∙ 𝑛𝑛�⃑ )

𝑆𝑆
𝑑𝑑𝑑𝑑 −� 𝑝𝑝𝑛𝑛�⃑ 𝑑𝑑𝑑𝑑 + �⃑�𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 + � 𝜌𝜌𝑓𝑓𝑑𝑑𝑑𝑑

𝑉𝑉
+ 𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒

𝑆𝑆
 

The force terms can all be dropped, and 
𝜕𝜕
𝜕𝜕𝑡𝑡
� 𝜌𝜌𝑢𝑢�⃑ 𝑑𝑑𝑑𝑑

𝑉𝑉
=
𝑑𝑑
𝑑𝑑𝑡𝑡

(𝑀𝑀𝑢𝑢) 

 

∯ 𝜌𝜌𝑢𝑢�⃑ (𝑢𝑢�⃑ ∙ 𝑛𝑛�⃑ )𝑆𝑆 𝑑𝑑𝑑𝑑 = ∯ 𝜌𝜌(𝑢𝑢 + 𝑑𝑑𝑒𝑒)𝑑𝑑𝑒𝑒𝑆𝑆 𝑑𝑑𝑑𝑑 = 𝜌𝜌𝑑𝑑𝑒𝑒𝐴𝐴(𝑢𝑢 + 𝑑𝑑𝑒𝑒) = �̇�𝑚(𝑢𝑢+𝑑𝑑𝑒𝑒), 
where A is the nozzle exit area, and  𝜌𝜌𝑑𝑑𝑒𝑒𝐴𝐴 = �̇�𝑚 
Thus, the momentum equation is transformed to: 
 

d(Mu)
dt

= −�̇�𝑚(𝑢𝑢 + 𝑑𝑑𝑒𝑒) 

−ṁ𝑢𝑢 + 𝑀𝑀
𝑑𝑑𝑢𝑢
𝑑𝑑𝑡𝑡

= −�̇�𝑚𝑢𝑢 − �̇�𝑚𝑑𝑑𝑒𝑒 

𝑀𝑀
𝑑𝑑𝑢𝑢
𝑑𝑑𝑡𝑡

= −�̇�𝑚𝑑𝑑𝑒𝑒 
𝑑𝑑𝑢𝑢
𝑑𝑑𝑒𝑒

=
−�̇�𝑚𝑑𝑑𝑡𝑡

M0 − �̇�𝑚𝑡𝑡
 

 

ln
𝑀𝑀0

𝑀𝑀0 − �̇�𝑚𝜏𝜏
= �

𝑑𝑑𝑢𝑢
𝑑𝑑𝑒𝑒

𝑈𝑈0

𝑈𝑈

 

 

ln 𝑀𝑀0
𝑀𝑀0−�̇�𝑚𝜏𝜏

= 𝑈𝑈0−𝑈𝑈
𝑉𝑉𝑒𝑒

, and thus 𝜏𝜏 = 𝑀𝑀0
�̇�𝑚
�1 − exp �−𝑈𝑈0−𝑈𝑈

𝑑𝑑𝑒𝑒
�� = 105 s 

 

Note: the same result can be obtained from the momentum equation in non-inertial reference 
frame attached to the capsule. 
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2. [40 points] The 2D velocity field of a stationary hurricane can be approximated as a 
combination of a counterclockwise vortex and a sink. Thus, the velocity potential is 

𝜙𝜙 = −
Γ

2𝜋𝜋
𝜃𝜃 −

𝑄𝑄
2𝜋𝜋

ln𝑟𝑟 
 

As shown in the figure below, this potential function can be used to represent the flow for 
r>40 m (i.e., except near the core). Assume that the pressure at r=40 m is -1,400 Pa gauge 
(i.e, relative to the atmospheric pressure  far from the storm) and that the density is constant 
at 1.2 kg/m3. Assume also that the influx of air per meter of depth into the paper across the 
(invisible) cylinder at r=40 m is 4,000 m2/s. 

 
 

 
 

Calculate:  
a) the total wind speed at r=40 m 
b) the strength of the sink, Q, in m2/s 
c) the strength of the vortex, Γ, in m2/s 
d) the angle at which the streamlines cross the “cylinder” at r=40 m. 

 
 
Solution: 
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3. [Each question is worth 5 points] 

a) What condition has to be satisfied for the velocity potential of steady inviscid incompressible flow to 
exist?  
 
Solution: Flow must be irrotational , ∇ × �⃗�𝑣 = 0 
 

b) What is the governing equation for incompressible, potential flows? 

Solution: 

Both streamfunction and velocity potential satisfy the Laplace equation: 

∇2𝜙𝜙 = 0, ∇2𝜓𝜓 = 0 

 

c) Why can simple potential flow solutions be added to describe complex flows?  

Solution: 

Both velocity potential  𝜙𝜙 and streamfunction ψ satisfy the Laplace equation. The equation is linear, and 
thus any linear combination of solutions is also a solution.   

 

 

d) What is the boundary condition on a solid surface in potential flow? 

Solution:  
Flow tangency, 𝑢𝑢�⃗ ∙ 𝑛𝑛�⃗ = 0 or 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= 0 or 𝜓𝜓 = const, at the surface. [Note: any one of the three answers 

should be viewed as the correct answer]. 
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