
ECE 301 Division 1
Exam 2 Solutions, 11/10/2011, 8-9:45pm in ME 1061.

• Your ID will be checked during the exam.

• Please bring a No. 2 pencil to fill out the answer sheet.

• This is a closed-book exam. No calculators are allowed. Copies of Tables 3.1, 3.2, 5.1, and 5.2
from the text are provided during the exam.

• Please read the instructions on this page very carefully.

• Please fill out the following information on your answer sheet:

– Instructor: Ilya Pollak

– Course: ECE 301

– Date: 11/10/2011

– Test: 1

– sign the answer sheet

– fill in your last name and the first six letters of your first name

– fill in your student ID

– for the section, fill in “0001”

• You have 1 hour and 45 minutes to complete 15 multiple-choice questions.

• Each correct answer is worth two points, for a total of 30 points.

• Please only turn in the answer sheets.

• There will be no partial credit.

• Your expected score from guessing is 2/10 + 2/3 + 2/3 + 2/10 + 2/8 + 2/5 + 2/5 + 2/5 + 2/5 +
2/8 + 2/5 + 2/10 + 2/10 + 2/10 + 2/8 ≈ 5
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Question 1. Let x[n] = (1/2)nu[n] for all integer n. The DT Fourier series coefficients of x are

1. 1
1−(1/2)e−jω

2. 1
1+(1/2)e−jω

3. 1
1−(1/2)ejω

4. 1
1+(1/2)ejω

5.
N−1∑
n=0

(1/2)ne−
j2πkn

N

6.
N−1∑
n=0

(1/2)ne
j2πkn

N

7.
∞∑

n=0

(1/2)ne−
j2πkn

N

8.
∞∑

n=0

(1/2)ne
j2πkn

N

9. undefined

10. none of the above

Solution. Since x is not periodic, its Fourier series coefficients are undefined.
Answer key: 9.
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Question 2. Let x be a periodic discrete-time signal with period N , such that x[n] is well-defined
and finite for all integer n. Select the correct statement:

1. A discrete-time Fourier series representation of x does not exist.

2. A discrete-time Fourier series representation of x exists.

3. The information provided is not enough to determine whether or not a discrete-time Fourier
series representation of x exists.

Solution. It is given that x is periodic and square-summable over one period. Therefore, its Fourier
series decomposition exists.
Answer key: 2.

Question 3. Let x be a periodic continuous-time signal with period T , such that x(t) is well-defined
and finite for all real t. Select the correct statement:

1. A continuous-time Fourier series representation of x does not exist.

2. A continuous-time Fourier series representation of x exists.

3. The information provided is not enough to determine whether or not a continuous-time Fourier
series representation of x exists.

Solution. Let x be periodic with period T = 1, such that

x(t) =
1

1 − t
for 0 ≤ t < 1

For any fixed t, the value x(t) is well-defined and finite. However, x is not integrable over one period
and therefore does not have a Fourier series representation. There are of course other periodic signals
which do have a Fourier series representations. Hence, the information provided in the problem
statement is not enough to determine whether or not x has a Fourier series representation.
Answer key: 3.
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Question 4. The response of a discrete-time system S to any input signal x is the convolution of x
with a fixed signal h. For any fixed real number ω, a discrete-time signal xω is defined by

xω[n] = ejωn,

for all integer n. The response of this system S to this input xω, for any fixed real number ω, is yω,
defined by

yω[n] = ejωn + ejω(n−1),

for all integer n. The discrete-time Fourier transform of the impulse response of system S is

1. 1

2. ejω

3. e−jω

4. ejωn + ejω(n−1)

5. en + en−1

6. 1 + e−jω

7. 1 + ejω

8. ejω + e−jω

9. impossible to determine based on the given information

10. none of the above

Solution. The DTFT of the impulse response is the frequency response H
(
ejω

)
which is found from

yω[n] = ejωnH
(
ejω

)
,

resulting in H
(
ejω

)
= 1 + e−jω.

Answer key: 6.
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Question 5. For any input signal x, the output of a discrete-time system is y, defined by

y[n] = x[n + 1] + x[n − 1]

for all integer n. The frequency response of this system is

1. ω

2. δ[n + 1] + δ[n − 1]

3. 0

4. 1/(2 cos ω)

5. 2 cos ω

6. 1/(2 cos(ω/2))

7. cos(ω/2)

8. none of the above

Solution. Taking the DTFT of both sides of the input-output equation and using the linearity and
time-shifting properties of the DTFT, we have:

Y
(
ejω

)
=

(
ejω + e−jω

)
X

(
ejω

)
The frequency response is the ratio of the DTFT’s of the output and the input. Therefore,

H
(
ejω

)
=

Y
(
ejω

)
X (ejω)

=
(
ejω + e−jω

)
= 2 cos ω.

Answer key: 5.
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Question 6. Consider a discrete-time system whose response to any input signal x is the convolution
of x with a fixed signal h. Suppose that this system’s frequency response is sin ω. This system can be
described as

1. a lowpass filter

2. a highpass filter

3. a bandpass filter

4. a bandstop filter

5. none of the above

Solution. The magnitude response | sin(ω)| is zero at ω = 0,±π and has peaks at ω = ±π/2.
Therefore, this is a bandpass filter.
Answer key: 3.

Question 7. Consider a discrete-time system whose response to any input signal x is the convolution
of x with a fixed signal h. Suppose that this system’s frequency response is e−jω. This system can be
described as

1. a lowpass filter

2. a highpass filter

3. a bandpass filter

4. a bandstop filter

5. none of the above

Solution. The magnitude response is |e−jω| = 1 which lets through all frequencies. Therefore, this is
an all-pass system.
Answer key: 5.
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Question 8. S is a discrete-time system. Its response to any input signal x is the convolution of x
with a fixed signal h which is given by

h[n] = (1/3)nu[n],

for all integer n. The frequency response of this system is

1. 1
1−(1/3)e−jω

2. 1
1+(1/3)e−jω

3. 1
1−(1/3)ejω

4. 1
1+(1/3)ejω

5. none of the above

Solution. The frequency response is the DTFT of the impulse response. Using one of the DTFT
pairs from Table 5.2, we have:

H
(
ejω

)
=

1
1 − (1/3)e−jω

.

Answer key: 1.

Question 9. S is a discrete-time system. Its response to any input signal x is the convolution of x
with a fixed signal h which is given by

h[n] = δ[n],

for all integer n. The frequency response of this system is

1. δ[n]

2. ejω

3. cos ω

4. sinω

5. none of the above

Solution. The frequency response is the DTFT of the impulse response:

H
(
ejω

)
= 1

Answer key: 5.
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Question 10. S is a discrete-time system whose response to any input signal x is the convolution of
x with a fixed signal h. The system’s frequency response H is given by

H
(
ejω

)
=

{
1, for 1 ≤ |ω| ≤ π
0, for |ω| < 1

Consider an input signal x, defined by

x[n] = sin(πn/2) + cos(πn/4),

for all integer n. The response of system S to this input signal is

1. 0

2. sin(πn/2)

3. cos(πn/4)

4. sin(πn/2) + cos(πn/4)

5. ejπn/2

6. e−jπn/2

7. undefined

8. none of the above

Solution. Note that

x[n] =
1
2j

ejπn/2 − 1
2j

e−jπn/2 +
1
2
ejπn/4 +

1
2
e−jπn/4

Frequencies π/4 and −π/4 are in the stopband of this ideal highpass filter, and therefore these fre-
quencies get completely suppressed. Frequencies π/2 and −π/2 are in the passband and therefore go
through unchanged. The response is therefore sin(πn/2).
Answer key: 2.
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Question 11. Let x be a continuous-time signal, defined by

x(t) = cos t,

for all real t. The objective of this question is to determine whether or not x can be represented as
the following Fourier series:

x(t) =
∞∑

k=−∞
ake

j2πkt
T (1)

Select the correct statement:

1. There do not exist numbers T and ak such that Eq. (1) holds.

2. Eq. (1) holds with T = 1, a1 = a−1 = 1/2, and ak = 0 for |k| 6= 1.

3. Eq. (1) holds with T = 2π, a1 = a−1 = 1/2, and ak = 0 for |k| 6= 1.

4. Eq. (1) holds with T = 2π, a1 = a−1 = 1/2, a0 = 1, and ak = 0 for |k| > 1.

5. None of the above.

Solution. Note that

cos t =
1
2
ejt +

1
2
e−jt =

1
2
e−j2π(−1)t/(2π) +

1
2
e−j2π·1·t/(2π)

Therefore, the period is T = 2π and the Fourier series coefficients are a1 = a−1 = 1/2, and ak = 0 for
|k| 6= 1.
Answer key: 3.
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[Please note that Questions 12-15 are more involved than Questions 1-11. It might be a
good idea to carefully check your answers to Questions 1-11 before moving onto Ques-
tions 12-15.]

Question 12. Let
φk(t) = e

j2πkt
10 , for k = 0, . . . , 9, and for all real t.

Let L2(T ) be the set of all continuous-time periodic signals with period T which are square-integrable
over one period. Let x be a signal in L2(T ), and consider the following representation of x:

x(t) =
9∑

k=0

akφk(t), for all real t, (2)

where a0, . . . , a9 are complex numbers that depend on x.

The objective of this question is to determine whether or not the following six statements are correct:

(a) For every signal x in the set L2(10), a representation of the form of Eq. (2) exists.

(b) For some, but not all, signals x in the set L2(10), a representation of the form of Eq. (2) exists.

(c) There is no signal x in L2(10) for which a representation of the form of Eq. (2) exists.

(d) For every signal x in the set L2(9), a representation of the form of Eq. (2) exists.

(e) For some, but not all, signals x in the set L2(9), a representation of the form of Eq. (2) exists.

(f) There is no signal x in L2(9) for which a representation of the form of Eq. (2) exists.

Select the correct statement:

1. (a) and (d) are true, and the remaining four statements are false

2. (a) and (e) are true, and the remaining four statements are false

3. (a) and (f) are true, and the remaining four statements are false

4. (b) and (d) are true, and the remaining four statements are false

5. (b) and (e) are true, and the remaining four statements are false

6. (b) and (f) are true, and the remaining four statements are false

7. (c) and (d) are true, and the remaining four statements are false

8. (c) and (e) are true, and the remaining four statements are false

9. (c) and (f) are true, and the remaining four statements are false

10. none of the above
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Solution. In general, the CT Fourier series representation for signals in L2(10) has an infinite number
of terms:

x(t) =
∞∑

k=−∞
ake

j2πkt
10 .

Some signals in L2(10) can be represented using only the ten basis functions φ0, . . . , φ9—namely, each
of these ten basis functions themselves and all their linear combinations. The remaining signals in
L2(10), for example, φ10, cannot be represented using only φ0, . . . , φ9. Therefore, (b) is true, (a) is
not true, and (c) is not true.

All signals in L2(9) are periodic with period 9. All signals representable as linear combinations of
φ0, . . . , φ9 are periodic with period 10. Thus, signals in L2(9) which are not periodic with period 10
cannot be represented as a linear combination of φ0, . . . , φ9. However, there are signals in L2(9) that
can be represented as a linear combination of φ0, . . . , φ9, for example, the signal φ0 = 1. Therefore,
(e) is true, (d) is false, and (f) is false.

Answer key: 5.
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Question 13. Let
φk[n] = e

j2πkn
10 , for k = 0, . . . , 9, and for all integer n.

Let RN be the set of all discrete-time periodic signals with period N . Let x be a signal in RN , and
consider the following representation of x:

x[n] =
9∑

k=0

akφk[n], for all integer n, (3)

where a0, . . . , a9 are complex numbers that depend on x.

The objective of this question is to determine whether or not the following six statements are correct:

(a) For every signal x in the set R10, a representation of the form of Eq. (3) exists.

(b) For some, but not all, signals x in the set R10, a representation of the form of Eq. (3) exists.

(c) There is no signal x in R10 for which a representation of the form of Eq. (3) exists.

(d) For every signal x in the set R9, a representation of the form of Eq. (3) exists.

(e) For some, but not all, signals x in the set R9, a representation of the form of Eq. (3) exists.

(f) There is no signal x in R9 for which a representation of the form of Eq. (3) exists.

Select the correct statement:

1. (a) and (d) are true, and the remaining four statements are false

2. (a) and (e) are true, and the remaining four statements are false

3. (a) and (f) are true, and the remaining four statements are false

4. (b) and (d) are true, and the remaining four statements are false

5. (b) and (e) are true, and the remaining four statements are false

6. (b) and (f) are true, and the remaining four statements are false

7. (c) and (d) are true, and the remaining four statements are false

8. (c) and (e) are true, and the remaining four statements are false

9. (c) and (f) are true, and the remaining four statements are false

10. none of the above
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Solution. The given Fourier basis functions form a basis for R10, and therefore any signal in R10 can
be represented as their linear combination. Therefore, (a) is true, (b) is not true, and (c) is not true.

There are many signals which are periodic with period 9 but not with period 10. Such signals are in R9

but cannot be represented as a linear combination of φ0, . . . , φ9. However, there do exist signals which
are periodic with both period 9 and period 10. In discrete-time, these are all the constant signals (i.e.,
all the signals periodic with period 1). Such signals (for example, φ0) can all be represented as a linear
combination of φ0, . . . , φ9. Therefore, (e) is true, (d) is false, and (f) is false.

Answer key: 2.
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Question 14. Consider a discrete-time system, S, which takes as an input any discrete-time periodic
signal with period 20, and whose output is the sequence of the discrete-time Fourier series coefficients
of the input. In other words, for any input signal x which is periodic with period 20, the system’s
response is a periodic signal y with period 20, given by

y[k] =
1
20

19∑
n=0

x[n]e−
j2πkn

20 for all integer k.

The objective of this question is to determine whether or not each of the following three statements
is correct:

(a) System S is linear.

(b) System S is time-invariant.

(c) System S is BIBO stable.

Note that, for this problem, system S would be considered linear if S{a1x1+a2x2} = a1S{x1}+a2S{x2}
for any two complex numbers a1 and a2, and for any two input signals x1 and x2, each periodic with
period 20. Here, S{v} denotes the response of system S to input signal v.

Select the correct statement:

1. (a), (b), and (c) are all true

2. (a) and (b) are true, and (c) is false

3. (a) and (c) are true, and (b) is false

4. (b) and (c) are true, and (a) is false

5. (a) is true; (b) and (c) are false

6. (b) is true; (a) and (c) are false

7. (c) is true; (a) and (b) are false

8. (a), (b), and (c) are all false

9. the information provided is insufficient to determine whether or not the system is linear, time-
invariant, and stable

10. none of the above

Solution. DT Fourier decomposition is linear; however, according to the time-shifting property, it is
not shift invariant. If the signal is bounded, so are its DT Fourier series coefficients. Therefore (a)
and (c) are true, and (b) is false.
Answer key: 3.
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[Please note that Question 15 is more involved than Questions 1-14. It might be a good
idea to carefully check your answers to Questions 1-14 before moving onto Question 15.]

Question 15. Consider N discrete-time signals φ0, . . . , φN−1. Suppose these signals have all the
following properties:

• each is periodic with period N , i.e.,

φk[n + N ] = φk[n] for k = 0, . . . , N − 1 and for all integer n;

• each has unit norm, i.e.,

N−1∑
n=0

|φk[n]|2 = 1, for k = 0, . . . , N − 1;

• they are pairwise orthogonal, i.e.,

N−1∑
n=0

φk[n]φ∗i [n] = 0, for k 6= i.

Let discrete-time signal x be periodic with period N , and suppose that

N−1∑
n=0

x[n]φ∗k[n] = N for k = 0, . . . , N − 1.

Let E be the average energy of x over one period:

E =
1
N

N−1∑
n=0

|x[n]|2.

Select the correct statement:

1. E = 0.

2. E = 1.

3. E = N .

4. E = 2N .

5. E = N2.

6. E = 4N2.

7. The information provided is not enough to determine E.

8. None of the above.
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Solution. Based on the given information, φ0, . . . , φN−1 form an orthonormal basis for the space of
all N -periodic discrete-time signals, and therefore x can be represented as their linear combination,
with coefficients given by 〈x, φ〉. Each of these inner products are given to be N . Therefore,

x =
N−1∑
k=0

Nφk (4)

Moreover, note that the energy over one period is the inner product of x with itself:

E =
1
N
〈x, x〉

Substituting Eq. (4) into this inner product, we have:

E =
1
N
〈
N−1∑
k=0

Nφk,

N−1∑
i=0

Nφi〉

=
1
N

N−1∑
k=0

N−1∑
i=0

N2〈φk, φi〉

=
1
N

· N2 · N

= N2,

where we have used the linearity of inner products and the fact that, since the basis functions are
orthonormal, N of the pairwise inner products 〈φk, φi〉 are equal to 1, and the rest are zero.
Answer key: 5.
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