
ECE 301 Division 1
Final Exam Solutions, 12/12/2011, 3:20-5:20pm in PHYS 114.

• The exam for both sections of ECE 301 is conducted in the same room, but the problems are
completely different.

• Your ID will be checked during the exam.

• Please bring a No. 2 pencil to fill out the answer sheet.

• This is a closed-book exam. No calculators are allowed. Copies of Tables 3.1, 3.2, 4.1, 4.2, 5.1,
and 5.2 from the text are provided during the exam.

• Please read the instructions on this page very carefully.

• Please fill out the following information on your answer sheet:

– Instructor: Ilya Pollak

– Course: ECE 301

– Date: 12/12/2011

– sign the answer sheet

– fill in your last name and the first six letters of your first name

– fill in your student ID

– for the section, fill in “0001”

• You have two hours to complete 18 multiple-choice questions.

• Each correct answer is worth two points, for a total of 36 points.

• Please only turn in the answer sheets.

• There will be no partial credit.

• Your expected score from guessing is 7 · (2/6) + 9 · (2/10) + 2 · (2/3) ≈ 5.5
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Question 1. Continuous-time signal x is defined by x(t) = sin(πt) for all real t. It is ideally sampled
by multiplying it with

∑∞
n=−∞ δ(t−n). The continuous-time signal resulting from this multiplication

is processed with an ideal lowpass filter whose cutoff frequency is ±3π/2 and whose passband gain
is 1. What is the output of this filter?

1. 0

2. sin(πt)

3. sin(2πt)

4. sin(πt/2)

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. Note that the value of x at any integer is zero, because sin(πn) = 0. Therefore, the sampled
signal is zero, and the output of the filter is also zero.
Answer key: 1.

Question 2. Continuous-time signal x is defined by x(t) = cos(πt) for all real t. It is ideally sampled
by multiplying it with

∑∞
n=−∞ δ(t−n). The continuous-time signal resulting from this multiplication

is processed with an ideal lowpass filter whose cutoff frequency is ±3π/2 and whose passband gain
is 1. What is the output of this filter?

1. 0

2. 2 cos(πt)

3. cos(2πt)

4. cos(πt)

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. The Fourier transforms of x and the impulse train are:

X(jω) = π(δ(ω − π) + δ(ω + π))

P (jω) = 2π

∞∑
k=−∞

δ(ω − 2πk)
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Therefore, as shown in class and in the text, the Fourier transform of the product is

Xp(jω) =
∞∑

k=−∞
X(j(ω − 2πk))

=
∞∑

k=−∞
π(δ(ω − π − 2πk) + δ(ω + π − 2πk))

= π

∞∑
k=−∞

δ(ω − π − 2πk) + π

∞∑
k=−∞

δ(ω + π − 2πk)

Note that in the last expression, the two summations are actually the same: both are periodic trains
of ideal pulses placed at odd multiples of π. Therefore,

Xp(jω) = 2π

∞∑
k=−∞

δ(ω − π − 2πk)

After going through the lowpass filter, only the impulses at ±π will be preserved. Therefore, the
Fourier transform of the filter output is

Y (jω) = 2π(δ(ω − π) + δ(ω + π)),

and so the reconstructed signal is
y(t) = 2 cos(πt).

Answer key: 2.
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Question 3. Discrete-time signal x is defined by x[n] = (−1)n for all integer n. Signal y is the result
of upsampling x by a factor of two. Select the correct statement:

1. y[n] = 0 for all integer n

2. y[n] = sin(πn/2) for all integer n

3. y[n] = cos(πn/2) for all integer n

4. y[n] = x[n] for all integer n

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. Note that cos(πn/2) for n = 0, 1, 2, 3 is, respectively, 1, 0,−1, 0. Also note that cos(π(n +
4)/2) = cos(πn/2 + 2π) = cos(πn/2) which means that cos(πn/2) is periodic with period 4. This is
the same as upsampling x by a factor of 2.
Answer key: 3.

Question 4. Discrete-time signal x is defined by x[n] = (−1)n for all integer n. Signal y is the result
of downsampling x by a factor of three. Select the correct statement:

1. y[n] = 0 for all integer n

2. y[n] = sin(πn/2) for all integer n

3. y[n] = cos(πn/2) for all integer n

4. y[n] = x[n] for all integer n

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. Note that y[n] = x[3n] = (−1)3n = (−1)2n(−1)n = (−1)n = x[n].
Answer key: 4.
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Question 5. Discrete-time signal x is defined by x[n] = cos(πn/3) for all integer n. Ideal discrete-
time lowpass filter HLPF has cutoff frequency ±π/2 and passband gain 1. Suppose x is put through
the filter HLPF ; then the result of the filtering is downsampled by a factor of two; and then the
downsampled signal is put through the same filter HLPF , to produce the output signal y. Select the
correct statement:

1. y[n] = 0 for all integer n

2. y[n] = cos(2πn/3) for all integer n

3. y[n] = sin(2πn/3) for all integer n

4. y[n] = x[n] for all integer n

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. Since the frequency of x is lower than the cutoff frequency of the filter, the first lowpass
filter leaves x unchanged. Let xd be the result of downsampling:

xd[n] = x[2n] = cos(π2n/3).

The frequency of this signal, 2π/3, is outside of the passband of the lowpass filter. Therefore, the final
output is zero.
Answer key: 1.

Question 6. Discrete-time signal x is defined by x[n] = cos(πn/3) for all integer n. Ideal discrete-
time lowpass filter HLPF has cutoff frequency ±π/4 and passband gain 1. Suppose x is put through
the filter HLPF ; then the result of the filtering is downsampled by a factor of two; and then the
downsampled signal is put through the same filter HLPF , to produce the output signal y. Select the
correct statement:

1. y[n] = 0 for all integer n

2. y[n] = cos(2πn/3) for all integer n

3. y[n] = sin(2πn/3) for all integer n

4. y[n] = x[n] for all integer n

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. The frequency of x is outside of the passband of the lowpass filter, hence the output of the
first lowpass filter is zero. Therefore, the result of the downsampling is zero, and the output of the
second lowpass filter is zero as well.
Answer key: 1.
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Question 7. Discrete-time signal x is defined by x[n] = cos(πn/3) for all integer n. Ideal discrete-
time lowpass filter HLPF has cutoff frequency ±3π/4 and passband gain 1. Suppose x is put through
the filter HLPF ; then the result of the filtering is downsampled by a factor of two; and then the
downsampled signal is put through the same filter HLPF , to produce the output signal y. Select the
correct statement:

1. y[n] = 0 for all integer n

2. y[n] = cos(2πn/3) for all integer n

3. y[n] = sin(2πn/3) for all integer n

4. y[n] = x[n] for all integer n

5. The output cannot be determined based on the given information.

6. None of the above.

Solution. Since the frequency of x is lower than the cutoff frequency of the filter, the first lowpass
filter leaves x unchanged. Let xd be the result of downsampling:

xd[n] = x[2n] = cos(π2n/3).

The frequency of this signal, 2π/3, is still within the passband of the lowpass filter. Therefore, the
second lowpass filter will leave the downsampled signal unchanged.
Answer key: 2.

Question 8. Discrete-time signal x is defined by x[n] = cos(πn/2) for all integer n. Ideal discrete-time
lowpass filter HLPF has cutoff frequency ±π/2 and passband gain 2. Upsampling x by a factor of 2
and then processing the upsampled signal with HLPF produces signal y. Select the correct statement:

1. y[n] = 0 for all integer n

2. y[n] = 1 for all integer n

3. y[n] = sin(πn/4) for all integer n

4. y[n] = cos(πn/4) for all integer n

5. y[n] = 2 sin(πn/4) for all integer n

6. y[n] = 2 cos(πn/4) for all integer n

7. y[n] = x[n] for all integer n

8. y[n] = 2x[n] for all integer n

9. Signal y cannot be determined based on the given information.

10. None of the above.
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Solution. It was shown in class that if signal w is bandlimited with the highest frequency below
π/2, and if x is the result of downsampling w by a factor of two, then the interpolation scheme
described in the statement of the question will exactly recover w. In fact, for w[n] = cos(πn/4), we
have x[n] = w[2n]. The frequency of w, π/4, is below π/2. Therefore, the interpolation scheme will
recover w.
Answer key: 4.
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Question 9. Continuous-time signal x is defined by

x(t) =
{

e2jt for 0 < t < 1
0 for all other real t.

The continuous-time Fourier transform of x is

1. 0

2. 1

3. sinc(0.5ω/π)

4. e−0.5jωsinc(0.5ω/π)

5. e−0.5jωsinc(0.5(ω − 2)/π)

6. e−0.5j(ω−2)sinc(0.5ω/π)

7. e−0.5j(ω−2)

8. e−0.5j(ω−2)sinc(0.5(ω − 2)/π)

9. impossible to determine based on the given information

10. none of the above

Solution. Define signal x1 to be zero everywhere except for 0 < t < 1, where it is equal to one. Then
x(t) = e2jtx1(t). Using the frequency shifting property, we have that the Fourier transform of x is
equal to the Fourier transform of x1, shifted in frequency by 2:

X(jω) = X1(j(ω − 2)).

Let x2(t) = x1(t + 0.5). Then the Fourier transform of x2 is sinc(0.5ω/π). Hence, using the time-
shifting property, the Fourier transform of x1 is e−0.5jωsinc(0.5ω/π), and therefore

X(jω) = e−0.5j(ω−2)sinc(0.5(ω − 2)/π)

Answer key: 8.
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Question 10. Continuous-time signal x is defined by

x(t) =


2 for − 1 < t < 1
1 for 1 ≤ |t| < 2
0 for all other real t.

The continuous-time Fourier transform of x is

1. 0

2. 1

3. sinc
(

ω
π

)
+ sinc

(
2ω
π

)
4. 2sinc

(
ω
π

)
+ 4sinc

(
2ω
π

)
5. sinc

(
ω
π

)
6. sinc

(
2ω
π

)
7. sinc

(
ω
π

)
· sinc

(
2ω
π

)
8. 4sinc

(
ω
π

)
+ 2sinc

(
2ω
π

)
9. impossible to determine based on the given information

10. none of the above

Solution. Let xr be a box of unit height, extending from −r to r, for any positive real number r.
The Fourier transform of xr is

Xr(jω) = 2rsinc
(ωr

π

)
.

For the given signal, we have x(t) = x1(t) + x2(t), and therefore its Fourier transform is

X(jω) = X1(jω) + X2(jω) = 2sinc
(ω

π

)
+ 4sinc

(
2ω

π

)
Answer key: 4.
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Question 11. S is a continuous-time system whose response to any input signal x is the convolution
of x with a fixed continuous-time signal which does not depend on x. It is given that if the input to
S is δ(t− 2) then the output is e−tu(t). The frequency response of this system is

1. 0

2. 1

3. e−tu(t)

4. e−t−2u(t + 2)

5. e−t+2u(t− 2)

6. 1/(1 + jω)

7. e2jω/(1 + jω)

8. e−2jω/(1 + jω)

9. impossible to determine based on the given information

10. none of the above

Solution. Since convolution is time-invariant, the response to δ(t) is e−t−2u(t+2)—i.e., the response
to δ(t − 2) shifted to the left by 2. The Fourier transform of e−tu(t) is 1/(1 + jω). Using the time-
shifting property, we have that the frequency response is e2jω/(1 + jω).
Answer key: 7.
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Question 12. Suppose

x1(t) =
{

1 for − 1 < t < 1
0 for all other real t.

x2(t) =
{

1 for 0 < t < 2
0 for all other real t.

Then
∫∞
−∞X1(jω)X∗

2 (jω)dω =

1. 0

2. 1

3. π/2

4. π

5. 2π

6. 3π/2

7. 3π

8. 4π

9. impossible to determine based on the given information

10. none of the above

Solution. According to Parseval’s property, the given integral is equal to

2π

∫ ∞

−∞
x1(t)x∗2(t)dt = 2π

∫ 1

0
dt = 2π

Alernatively, the same answer can be obtained by using the conjugation property with the multipli-
cation property.
Answer key: 5.
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Question 13. Let x1, x2, x3, x4 be continuous-time signals such that x3(t) = x1(t − 1) and x4(t) =
x2(t + 1). If the continuous-time Fourier transform of the convolution x1 ∗ x2 is equal to Y (jω) for all
real ω, then the continuous-time Fourier transform of x3 ∗ x4 is

1. Y (j(ω − 1))

2. Y (j(ω + 1))

3. Y (j(ω − 2))

4. Y (j(ω + 2))

5. e−jωY (jω)

6. Y (jω)

7. e−2jωY (−jω)

8. ejωY (jω)

9. impossible to determine based on the given information

10. none of the above

Solution. Using the time-shifting property, we have that X3(jω) = e−jωX1(jω) and X4(jω) =
ejωX2(jω). Therefore, X3(jω)X4(jω) = X1(jω)X2(jω) = Y (jω).
Answer key: 6.
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Question 14. X(jω) = e−ω2
is the continuous-time Fourier transform of signal x. It is given that

y(t) = x(4t) for all real t. The continuous-time Fourier transform of y is

1. 0

2. 1

3. e−ω2

4. e−ω2/16

5. e−16ω2

6. e−ω2/16/4

7. 4e−16ω2

8. e−16ω2
/4

9. cannot be determined based on the given information

10. none of the above

Solution. Y (jω) = X(jω/4)/4 = e−ω2/16/4.
Answer key: 6.
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Question 15. Consider two continuous-time signals x1 and x2. It is given that x1(t) = cos(2t) for all
real t. It is also given that the continuous-time Fourier transform of x2 is

X2(jω) =


2 for − 5 < ω < 0
1 for 0 ≤ ω < 5
0 for all other real ω.

The convolution x1 ∗ x2 is:

1. 0

2. 1

3. e2jt + 0.5e−2jt

4. cos(2t)

5. sin(2t)

6. 0.5e2jt + e−2jt

7. 2 cos(2t)

8. 2e2jt + e−2jt

9. impossible to determine based on the given information

10. none of the above

Solution. Note that x1(t) = 0.5e−2jt + 0.5e2jt. According to the eigenfunction property, when going
through the filter X2, the first term will be multiplied by 2 and the second term will be multiplied by
1. The answer is therefore x1 ∗ x2(t) = e−2jt + 0.5e2jt.
Answer key: 6.
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Question 16. S is a continuous-time system whose response to any input signal x is the convolution
of x with a fixed continuous-time signal which does not depend on x. Let signals v and y be defined
for all real t by v(t) = tu(t) and y(t) = t. Here, u is the continuous-time unit step. If the input to S
is v, can the output be y?

1. Yes

2. No

3. The question cannot be answered based on the given information.

Solution. If the input is v and the output is y, then the response to the second derivative of v is
the second derivative of y. The second derivative of v is the unit impulse. The second derivative of y
is zero. Hence, the impulse response for such a system would be zero. But then the response to any
input would have to be zero, including the response to v. So if the input is v, the output cannot be y.
Answer key: 2.

Question 17. S is a continuous-time system. It is BIBO stable and causal. Let signals v and y be
defined for all real t by v(t) = tu(t) and y(t) = t. Here, u is the continuous-time unit step. If the
input to S is v, can the output be y?

1. Yes

2. No

3. The question cannot be answered based on the given information.

Solution. If the system is causal, the unit step response must equal to y(t) for negative t. This
is because the unit step is identical to v(t) for t < 0. But the unit step is bounded whereas y(t) is
unbounded for t < 0. Hence, if the system is causal, it cannot be stable.
Answer key: 2.
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Question 18. S is a continuous-time system whose response to any input signal x is the convolution
of x with a fixed continuous-time signal which does not depend on x. Let signals v and y be defined
for all real t by v(t) = e2jt and y(t) = 2e2jt. It is given that if the input to S is v, then the output is
y. The impulse response of system S is

1. 0

2. 1

3. 2

4. δ

5. 2δ

6. e2jt

7. 2e2jt

8. u(t)

9. impossible to determine based on the given information

10. none of the above

Solution. There are many LTI systems that produce the given input-output pair. For example, any
ideal lowpass filter with cutoff frequency above 2 and gain of 2 will produce this input-output pair.
Therefore, the impulse response cannot be uniquely determined based on the given information.
Answer key: 9.
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