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Fall 2008 - Final Exam
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Name:

• No calculators/computers/handhelds of any sort are allowed.

• No books/notes are allowed except four A-4 size sheets (both sides)
is allowed. Note: after the exam, you may want to save this sheet.

• Please show all of your work. Answers without justification are
subject to receiving no credit. If you need extra space, you may use
the back of the previous exam page.

• The exam is 120 minutes long. Good luck!

Score:

1. (16 pts.)

2. (26 pts.)

3. (20 pts.)

4. (30 pts.)

5. (18 pts.)

Total: (110 pts.)
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Problem 1. (16 points) This question is multiple-choice, and you do not
need to justify your answers. There will be a negative one point penalty
for incorrect answers; blank answers receive no points; correct an-
swsers receive two points apiece.

True False
� � P (A ∪ B) ≥ max{P (A), P (B)}.

� � P (A ∩ B) ≥ min{P (A), P (B)}.

� � P (A|B) + P (A|Bc) = 1.

� � P (A|B)P (B) + P (Ac|B)P (B) = P (A).

� � If P (A) = P (B) then P (A|B) = P (B|A).

� � If P (A|B) = P (B|A) then P (A) = P (B).

� � If P (A|B) = P (A) then P (Bc|A) = 1 − P (B).

� � P (A ∪ B) + P (A ∩ B) = P (A) + P (B).

2



Problem 2. (26 points) The joint PDF of two random variables X and Y is
given by

fX,Y (x, y) =

{

x + y, if 0 < x < 1 and 0 < y < 1
0, else.

(a) (3 points) Find the marginal PDF fX(x). Be sure to specify its
value for all x.

(b) (4 points) What is E[X] ? What is V ar[X] ?
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(c) (3 points) Find the conditional PDF fY |X(y|x). Be sure to specify
its value for all x and y.

(d) (6 points) Find the MMSE estimate, ŷMMSE(x), for all real num-
bers x such that 0 < x < 1.
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(e) (5 points) Find Cov(X,Y ). (Hint: note that E[X] = E[Y ] by sym-
metry.)

(f) (5 points) What is the LMMSE estimator ŷLMMSE(x), for all real
numbers 0 < x < 1 ?
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Problem 3. (20 points) A bag contains n pairs of shoes; each pair is a dif-
ferent style.

(a) You pick two random shoes from the bag (Note: this is sampling
without replacement).

i) (4 points) What is the probability that the two shoes you
picked out are a pair; i.e. left and right of the same style.

ii) (4 points) What is the probability you picked one left shoe
and one right shoe?

(b) You pick a third shoe without returning the first two.

i) (6 points) What is the probability of having a pair of shoes
among the three you picked?

ii) (6 points) What is the probability there is at least one left and
at least one right shoe among the three?
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Problem 4. (30 points) n couples attend a morally ambiguous party. They
are separated and then randomly paired up; i.e. each man is now
paired with a randomly chosen lady. As a result, it is possible some
couples rejoin each other. For each couple, i, let Xi be a random vari-
able such that Xi = 1 if the i-th couple rejoins, and Xi = 0 otherwise.
Note that:

i) X1, X2, . . . , Xn are not independent;

ii) E[Xi] = probability that the i-th couple re-forms.

(a) (3 points) Find E[Xi]. Show your reasoning.

(b) (3 points) Let X = X1 + X2 + . . . Xn be the total number of re-
formed couples. Find E[X].

(c) (6 points) Using the result in part (b), find an upper bound on
P (X > 7).
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(d) (6 points) Find E[XiXj]. Note that Xi and Xj are not indepen-
dent. (Hint: XiXj = 1 if both couples i and j are rejoined, and 0
otherwise).

(e) (6 points) Find V ar[X]. Note that Xi and Xj are not indepen-

dent. (Hint: (X1 + . . . + Xn)2 =
∑

i X
2

i + 2
∑n

i=1

∑i−1

j=1
XiXj)

(f) (6 points) Using the results in parts (b) and (e), find a better up-
per bound on P (X > 7). (Hint: P (X > 7) = P (|X − 1| > 6)).
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Problem 5. (18 points) X is an exponential random variable. Under hy-
pothesis H0, it has parameter λ0 = 5 and under hypothesis H1, it has
parameter λ1 = 10. The prior probabilities for the two hypotheses
are Pλ(λ0) = 1

3
, Pλ(λ1) = 2

3
.

(a) (4 points) What is the Maximum Likelihood (ML) decision rule
for this problem?

(b) (4 points) What are the probabilities of Type-I and Type-II errors
for the ML rule of part (a)?
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(c) (4 points) What is the MAP decision rule?

(d) (6 points) What is the overall probability of error P (err) under
the MAP rule? Note that you CANNOT re-use the Type-I and
Type-II errors you calculated for the ML rule.
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