
Midterm Examination 2
ECE 438
Fall 2009

Instructor: Prof. Mimi Boutin

Instructions:

1. Wait for the “BEGIN” signal before opening this booklet. In the mean-
time, read the instructions below and fill out the requested info.

2. You have 50 minutes to complete the 4 questions contained in this
exam. When the end of the exam is announced, you must stop
writing immediately. Anyone caught writing after the exam is over
will get a grade of zero.

3. This exam contains 10 pages. Pages 5-8 contain a table of formulas
and properties. The last 2 pages can be used as scratch paper. You
may tear out the table and the scratch paper once the exam begins.

4. This is a closed book exam. The use of calculators is prohibited.
Cell phones, pagers, and all other electronic communication device are
strictly forbidden. Ipods and PDAs are not allowed either.
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(20 pts) 1. Find the continuous-space Fourier transform of the following
signals. (You may use the table to answer this question.)
a) f1(x, y) = sinx sin y

xy
.

b) f2(x, y) = sinx
x

.

(20 pts) 2. Denote the input and the output of a continous-space system by
f(x, y) and g(x, y), respectively. Assume that the CSFT of the input and
output, respectively F (u, v) and G(u, v), are related by the equation

G(u, v) =
sinu sin v

uv
F (u, v).

Is the system linear? Answer yes/no and briefly justify your answer.
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3. Consider the discrete-space system defined by the equation g[m,n] =
h[m,n] ∗ ∗f [m,n], where h[m,n] is

h[m,n] =

1
32

1
32

1
32

1
32

3
4

1
32

1
32

1
32

1
32

1
0
−1

n

−1 0 1
m

(15 pts) a) What is the system’s response to the input
1 1 1
1 1 1
1 1 1

(using

symmetric boundary conditions)?

(20 pts) b) Obtain the discrete-space Fourier transform H(u, v) of h[m,n]
(no need to simplify your answer).

(10 pts) c) Check the correct answer: This system corresponds to a
� low-pass � band-pass � high-pass filter.
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(30 pts) 4. We model the vocal tract from the vocal folds to the lips by a
sequence of two cylindrical tubes of length L. Denote by A1 and A2 the area
of the cross-section of the first and second tube (counting from the vocal
folds), respectively. Consider a periodic pulse-train x(t) entering the vocal
tract model (i.e., the sequence of two tubes), and denote the corresponding
output by y(t). Recall that the samplings xd[n] = x(nLt

c
) and yd[n] = y(nLt

c
)

are related by the equation

Yd[z] =
4(1 + r)z−2

1 + 2rz−2 + z−4
Xd(z),

where Yd[z] and Xd(z) are the z-transforms of xd[n] and yd[n], respectively,
and r = A2−A1

A2+A1
.

Question: Explain how one should choose the free parameters of this model
in order to produce a sound that resembles a vowel with a single formant at
f1. How would you modify the model in order to produce vowels with more
than one formants?
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Table

Extract from a student contributed Rhea page

This recitation covers the material from Nov. 4 to Nov. 13. So far, we have
introduced the basic knowledge of 2D signals. As a review, let us start from
the Continuous-Space Fourier Transform(CSFT) definitons and its inverse
transform. In 1D, we have:

X(f) =

∫ ∞

−∞
x(t)e−j2πftdt

x(t) =

∫ ∞

−∞
X(2πf)ej2πftdf

Similarily, in2D, we have:

Forward transform F (u, v) =

∫ ∞

−∞

∫ ∞

−∞
f(x, y)e−j2π(ux+vy)dxdy

Inverse transform f(x, y) =

∫ ∞

−∞

∫ ∞

−∞
F (u, v)ej2π(ux+vy)dudv

Like 1D signals, properties such as the linearity, the shifting property, and
so on, remained the same in 2D signals.

• Linearity: af1(x, y) + bf2(x, y)−−CSFT −−− > aF1(u, v) + bF2(u, v)

• Scaling: f(x
a
, y
b
)−−CSFT −− > |ab|F (au, bv)

• Shifting: f(x− xo, y − yo)−−CSFT −− > F (u, v)e−j2π(uxo+vyo)

The separability is a very important property of 2D signals. It enables
us to transform 2D signals to our familiar 1D signals: If

g(x)−−CTFT −− > G(f)

h(x)−−CTFT −− > H(f)

Then
f(x, y) = g(x)h(y)−−CSFT −− > G(u)H(v)
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CT Fourier Transform

F.T. : X (f) =

Z ∞
−∞

x(t)e−j2πftdt (1)

Inverse F.T.: x(t) =

Z ∞
−∞
X (f)ej2πtdf (2)

Properties of CT Fourier Transform

Let x(t) be a continuous-time signal and denote by X (f) its Fourier transform. Let y(t) be another
continuous-time signal and denote by Y(f) its Fourier transform.

Signal FT

Linearity: ax(t) + by(t) aX (f) + bY(f) (3)

Time Shifting: x(t− t0) e−jωt0X (f) (4)

Frequency Shifting: ej2πf0tx(t) X (f − f0) (5)

Duality X (t) x(−f) (6)

Time and Frequency Scaling: x(
t

a
) |a|X (af) (7)

Multiplication: x(t)y(t) X (f) ∗ Y(f) (8)

Convolution: x(t) ∗ y(t) X (f)Y(f) (9)

Transform of periodic signals repT [x(t)]
1

T
comb 1

T
[X (f)] (10)

Transform of sampled signals combT [x(t)] rep 1
T

[X (f)] (11)

(12)

Some CT Fourier Transform Pairs

ej2πf0t
F−→ δ(f − f0) (13)

1
F−→ δ(f) (14)

sin (2πf0t)

πt

F−→ u(f + f0)− u(f − f0) = rect

„
f

2f0

«
(15)

δ(t)
F−→ 1 (16)

(17)
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DT Fourier Transform

Let x[n] be a discrete-time signal and denote by X(ω) its Fourier transform.

F.T.:X (ω) =
∞X

n=−∞
x[n]e−jωn (18)

Inverse F.T.: x[n] =
1

2π

Z
2π
X (ω)ejωndω (19)

Properties of DT Fourier Transform

Let x(t) be a signal and denote by X (ω) its Fourier transform. Let y(t) be another signal and denote by
Y(ω) its Fourier transform.

Signal F.T.

Linearity: ax[n] + by[n] aX (ω) + bY(ω) (20)

Time Shifting: x[n− n0] e−jωn0X (ω) (21)

Frequency Shifting: ejω0nx[n] X (ω − ω0) (22)

Time Reversal: x[−n] X (−ω) (23)

Multiplication: x[n]y[n]
1

2π
X (ω) ∗ Y(ω) (24)

Convolution: x[n] ∗ y[n] X (ω)Y(ω) (25)

Differencing in Time: x[n]− x[n− 1] (1− e−jω)X (ω) (26)

Some DT Fourier Transform Pairs

N−1X
k=0

ake
jk( 2π

N )n F−→ 2π

∞X
k=−∞

akδ(ω −
2πk

N
) (27)

ejω0n F−→ 2π
∞X

l=−∞
δ(ω − ω0 − 2πl) (28)

1
F−→ 2π

∞X
l=−∞

δ(ω − 2πl) (29)

sinWn

πn
, 0 < W < π

F−→ X (ω) =


1, 0 ≤ |ω| < W
0, π ≥ |ω| > W

(30)

X (ω)periodic with period 2π

δ[n]
F−→ 1 (31)

u[n]
F−→

1

1− e−jω
+ π

∞X
k=−∞

δ(ω − 2πk) (32)

αnu[n], |α| < 1
F−→

1

1− αe−jω
(33)

(n+ 1)αnu[n], |α| < 1
F−→

1

(1− αe−jω)2
(34)
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Discrete Fourier Transform

X[k] =

N−1X
n=0

x[n]e−j
2π
N
kn (35)

Properties of the discrete Fourier transform
Let x[n], x1[n] and x2[n] be three DT signals and denote by X[k], X1[k] and X2[k] their respective DFTs.

Signal L.T.

Linearity: ax1[n] + bx2[n] aX1[k] + bX2[k] (36)

Time Shifting: x[n− n0) e−j
2π
N
knX[k] (37)

modulation ej
2π
N
knx[n] X[k − k0] (38)

Reciprocity X[n] Nx[−k] (39)

(40)

z-Transform

X(z) =

∞X
n=−∞

x[n]z−n (41)

Properties of z-Transform
Let x[n], x1[n] and x2[n] be three DT signals and denote by X(z), X1(z) and X2(z) their respective z-transform. Let R
be the ROC of X(z), let R1 be the ROC of X1(z) and let R2 be the ROC of X2(z).

Signal z-T. ROC

Linearity: ax1[n] + bx2[n] aX1(z) + bX2(z) At least R1 ∩R2 (42)

Time Shifting: x[n− n0] z−n0X(z) R, but perhaps adding/deleting z = 0 (43)

Time Shifting: x[−n] X(z−1) R−1 (44)

Scaling in z: ejω0nx[n] X(e−jω0z) R (45)

Conjugation: x∗[n] X∗(z∗) R (46)

Convolution: x1[n] ∗ x2[n] X1(z)X2(z) At least R1 ∩R2 (47)
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-SCRATCH -
(will not be graded)
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-SCRATCH -
(will not be graded)

10


