
IE 336 Seat # ___________ Name (one point) __________________________

Closed book. One page of hand-written notes, front and back.
No calculator. 60 minutes.

Cover page and four pages of exam. Four questions.

To receive full credit, show enough work to indicate your logic.

Do not spend time calculating. Unless stated otherwise, you will
receive full credit if someone with no understanding of probability
could simplify your answer to obtain the correct numerical solution.

This exam covers through Chapter 4 of Solberg (August 2005).

Recall: The Poisson pmf with mean µ is
f (x ) = e−µµx / x ! for x = 0, 1, 2,....

Recall: The geometric pmf with probability of success p is
f (x ) = p (1 − p )x −1 for x = 1, 2, 3,....

Score ___________________________
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1. (Based on Solberg’s Problem 7, Chapter 3) A paint manufacturer mixes colors in a large
vat. There are only three colors: red, white, and blue. The color order, which is
determined by external factors, can be modeled by a Markov chain with one-step
transition matrix

blue
white
red R

J
Q 0.4

0.4
0.4

0.3
0.2
0.1

0.3
0.4
0.5 H

J
P
.

Changing colors is trivially easy when a dark color follows a dark color; that is,
essentially no cleaning is needed when red follows blue or when blue follows red. Also,
no cleaning is needed when red or blue follows white. Substantial cleaning is needed
when white follows red or when white follows blue. (So far, this is just Solberg’s
problem statement.)

(a) (10 points) Formulate a Markov chain model with three states: "dark", "white", and
"cleaning".

(b) (10 points) Suppose that cleaning requires twenty minutes and that mixing, of any
color, requires ten minutes. Modify your model from Part (a) so that each time step
represents ten minutes.
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2. (Based on Solberg’s Problem 6, Chapter 3) Consider the four-state Markov chain that
models sequential car purchases for a particular buyer. The states are
S = {GM, Ford, Chrysler,Foreign} with one-step transition matrix

P =
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(a) (two points) Which states are transient?

(b) (two points) Which states are recurrent?

(c) (two points) Which states are absorbing?

(d) (6 points) Determine the long-term fraction of purchases of a foreign car.

(e) (6 points) If the driver now has GM, determine the expected number of all future GM
cars (not counting the current car). (Numerical answer. Think) ____________

(f) (6 points) If the driver now has GM, determine the expected number of non-GM cars
until he or she again owns a GM car.

(g) (6 points) If the driver now has GM, determine the expected number of future GM
cars before he or she buys another brand.
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3. Consider the three-state Markov chain with one-step transition matrix
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Suppose the Markov chain is now in State 2.

(a) (6 points) Determine e 21
(2) , the expected number of time steps spent in State 1 during

the times 0, 1, and 2.

(b) (6 points) Determine the matrix E = (I −Q )−1, where Q is the matrix of transient-
state one-step transition probabilities.

(c) (6 points) Determine the probability of being absorbed into State 3.

(d) (6 points) Explain, in words, the meaning of e 11, the upper left element of E .
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4. Consider flipping a coin is flipped until it lands with "head" up.

(Recall: The number of flips is geometric, with the expected number of flips being 1 / p ,
where p is the probability that any particular flip lands "head" up.)

(a) (10 points) Develop a Markov chain model that can be used for Parts (b) and (c).

(b) (6 points) Based on your model, explain how to calculate the probability that the
number of flips is ten.

(c) (6 points) Based on your model, explain how to calculate the expected number of
flips.
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