
IE 336 Seat # ___________ Name (one point) __________________________

Closed book. Two pages of hand-written notes, front and back.
No calculator. 60 minutes.

Cover page and four pages of exam. Four questions.

To receive full credit, show enough work to indicate your logic.

Do not spend time calculating. Unless stated otherwise, you will
receive full credit if someone with no understanding of probability
could simplify your answer to obtain the correct numerical solution.

This exam covers through Chapter 5 of Solberg (August 2005).

Recall: The Poisson pmf with mean µ is f (x ) = e−µµx / x ! for x = 0, 1, 2,....

Recall: The geometric pmf with probability of success p is
f (x ) = p (1 − p )x −1 for x = 1, 2, 3,.... The mean is 1 / p .

Recall: The exponential pdf with mean 1 / λ is f (x ) = λe−λx for 0 ≤ x .

Recall: The exponential cdf with mean 1 / λ is F (x ) = 1 − e−λx for 0 ≤ x .

Recall:
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Score ___________________________
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Closed book. Two pages of hand-written notes, front and back. No calculator.

1. (Based on Solberg’s Problem 9, Chapter 5) Customers arrive at a bank machine according
to a Poisson process with rate 4 per hour. Over time, half of the customers are men and
half are women. Suppose that twenty men arrive in a particular eight-hour day.

(a) (six points) Conditional that the twenty men arrived, determine the arrival rate for
women for that particular eight-hour day.

(b) (six points) Conditional that the twenty men arrived, determine the expected number
of women who arrive in that particular eight-hour day.

(c) (seven points) Conditional that the twenty men arrived, determine the probability that
twenty women arrive in that particular eight-hour day.

(d) (seven points) Conditional that the twenty men arrived, determine the distribution of
time from the beginning of the day until the first woman arrives.
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2. (Based on Solberg’s Problem 20, Chapter 5) Two copies of a particular library book are
held on reserve. Anyone who wants to read the book has to request it at the reserve desk
and must return it there the same day; the copy cannot be removed from the library.
Demands for the book occur throughout the day according to a Poisson process with rate
two per hour. Users keep the book for an exponential time, with an average of ninety
minutes; user times are independent of each other. At opening time, both copies are
available for check out.

(a) (six points) Which seems to be the more-appropriate assumption: that demands are
from a Poisson process or that time to keep the book is exponential? Why?

(b) (eight points) State a Markov process model for this situation.

(c) (three points) Is your model of Part (b) a birth-death model? ________

(d) (six points) Write the Kolmogorov forward equations, including initial conditions.

(e) (six points) In terms of your notation from Part (d), what is the probability that no
copies are available four hours into the day?
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3. Consider the three-state rate matrix
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Assume that at time t = 6 the system is equally likely to be in any of the three states.

(a) (eight points) From time t = 6, determine the expected time until the system is next in
State 1. (If in State 1 at time t = 6, wait until the next visit.)

(b) (six points) From time t = 6, determine the probability that the system ever reaches
State 3.

(c) (six points) Now assume that the system is in State 1. What is the probability that it
will next be in State 3?
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4. Consider the time until the next event in a Poisson process with rate λ.

(Recall: The time is exponential with mean 1 / λ.)

(a) (eight points) Develop a Markov process model that can be used for Parts (b) and (c).

(b) (six points) Based on your model, explain how to calculate the probability that the
time until the next event is greater than 1 / λ.

(c) (six points) Based on your model, explain how to calculate the expected time until
the next event.
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