
IE 336 Seat: _________ Name __________________________

Closed book. Three pages of hand-written notes, front and back.
No calculator. 120 minutes.

Cover page and five pages of exam. Three questions.

To receive full credit, show enough work to indicate your logic.
Always state the units of your answers.

Do not spend time calculating. Unless specifically noted, you will receive full credit if
someone with no understanding of probability could simplify your answer to obtain the
correct numerical solution.

This test covers through Chapter 6 of Solberg (August 2005).

Extra Credit: (two points) T F To determine expected value, multiply everything that
can occur by the likelihood that it occurs; then sum or integrate over everything.

Recall: The Poisson pmf with mean and variance µ is f (x ) = e−µµx / x ! for x = 0, 1, 2,....

Recall: The geometric distribution with probability of success p has mean 1 / p and pmf
f (x ) = p (1 − p )x −1 for x = 1, 2, 3,....

Recall: The exponential pdf with rate λ is f (x ) = λe−λx for 0 ≤ x .

Recall: The exponential cdf with rate λ is F (x ) = 1 − e−λx for 0 ≤ x .

Recall: The exponential distribution with rate lambda has mean 1 / λ and variance 1 / λ2.
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Recall: Coefficient of variation is the ratio of standard deviation to mean.

Recall: Whitt’s approximation: For the GI/G/c queueing system,
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where ρ the traffic intensity, Ca is the coefficient of variation of the interarrival times,
and Cs is the coefficient of variation of the service times.
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Closed book. Three pages of hand-written notes, front and back. No calculator.

1. Consider the five-state continuous-time Markov process that measures time in hours, is
initially in state zero, and has rate matrix
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(a) (four points) T F If λ = 5, then all five states are transient.

(b) (four points) T F
dt

dP 0(t )
hhhhhhh = −λP 0(t ) + 1.5P 1(t ) for every non-negative t .

(c) (four points) T F This Markov process models an M/M/4/4/4 queueing
system.

(d) (four points) T F If (π0, π1, π2, π3, π4) are the steady-state probabilities, then
π0 + π1 + π2 + π3 + π4 = 1.

(e) (four points) T F If Pi (t ) denotes the probability of being in state i at time
(t ), then P 0(4) + P 1(4) + P 2(4) + P 3(4) + P 4(4) = 1.

(f) (four points) T F If currently in State 3, then λ33 is the value of the
probability that the next state is 3.
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2. Based on Professor Solberg’s Section 6.20. Consider the M/G/1 queueing system, with
Poisson arrivals at rate λ, general service times with mean 1 /µ and variance V(S ), and a
single server. Let ρ denote the traffic intensity. Then the Pollaczek-Khinchine formula
says that the steady-state expected number in the queue is

Lq =
2 (1 − ρ)

ρ2 + λ2 V(S )hhhhhhhhhhh .

(a) (six points) Determine the average time in queue for this M/G/1 system.

(b) (six points) Determine the steady-state probability that the server is busy.

(c) (six points) Determine B , the steady-state expected number of busy servers.

(d) (four points) The Pollaczek-Khinchine formula is illustrates the general result that
"Variance is bad". In this case, the variance is of the (choose one):

interarrival times service times times in queue times in system
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(e) (six points) Determine Lq for the M/D/1 system.

(f) (six points) Suppose that λ = 4 customers per hour, µ = 5 customers per hour, and
V(S ) = 7. Determine the steady-state departure rate.

(g) (six points) Suppose that λ = 4 customers per hour, µ = 5 customers per hour, and
V(S ) = 7. State the units of V(S ).
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3. Based on Professor Solberg’s Problem 5, Chapter 5. The batteries in a smoke detector are
good for a length of time that is a random variable. This random variable is not likely to
be exponentially distributed, but suppose for the sake of convenience that it is. Also,
assume that the mean lifetime is six months. Suppose that someone comes around to
test the battery at random intervals that are also exponentially distributed, but with a
mean of four months. If the battery is good, it is not replaced; if it is bad, it is replaced.

Fires occur according to a Poisson process with a rate of 0.1 per year (corresponding to a
mean of ten years between such events).

(a) (six points) For now, ignore fires. Write a continuous-time two-state Markov process
for the state of the battery, with the states being "1: working" and "2: not working".
Include the rates (with clearly stated units).

For the parts below, you may assume that the values of the steady-state probabilities π1
and π2 are known.

(b) (six points) Determine the expected time that a battery remains working.

(c) (six points) Determine the probability that a non-working battery is undetected for
more than two months.
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(d) (six points) Choose a random fire. Determine the value of the probability that the
battery is not working at the time of the fire.

(e) (six points) Consider the next twenty years. Determine the expected number of fires
that occur when the battery is not working.

(f) (six points) Write the discrete-time embedded Markov chain.
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