
IE 336 Seat: _________ Name (one point, if clear) __________________________

Closed book. Three pages of hand-written notes, front and back.
No calculator. 120 minutes.

Cover page and five pages of exam. Four questions.

To receive full credit, show enough work to indicate your logic.
Always state the units of your answers.

Do not spend time calculating. Unless specifically noted, you will receive full credit if
someone with no understanding of probability could simplify your answer to obtain the
correct numerical solution.

This test covers through Chapter 6 of Solberg (August 2005) as well as some basic Monte
Carlo simulation concepts covered in lecture.

Recall: The Poisson pmf with mean and variance µ is f (x ) = e−µµx / x ! for x = 0, 1, 2,....

Recall: The geometric distribution with probability of success p has mean 1 / p and pmf
f (x ) = p (1 − p )x −1 for x = 1, 2, 3,....

Recall: The exponential pdf with rate λ is f (x ) = λe−λx for 0 ≤ x .

Recall: The exponential cdf with rate λ is F (x ) = 1 − e−λx for 0 ≤ x .

Recall: The exponential distribution with rate lambda has mean 1 / λ and variance 1 / λ2.
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Recall: Coefficient of variation is the ratio of standard deviation to mean.

Recall: Kingman’s approximation: For the GI/G/1 queueing system,
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where ρ is the traffic intensity, Ca is the coefficient of variation of the interarrival times,
and Cs is the coefficient of variation of the service times.

Extra Credit: (two points) What English word has five consecutive vowels? ______________

Score ___________________________
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IE 336 Seat: _________ Name (one point, if clear) __________________________

Closed book. Three pages of hand-written notes, front and back. No calculator.

1. Consider the infinite-state continuous-time Markov process that measures time in hours, is
initially in state zero, and has rate matrix
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(a) (four points) Describe the corresponding queueing situation in Kendall’s notation.

(b) (four points) Which, if any, of the infinite states are transient?

(c) (four points) Determine the traffic intensity, ρ. ____________

(d) (five points) If currently in State 14, determine the probability that the next state is
State 13?

(e) (six points) If currently in State 2, determine the probability that the system becomes
empty before it is in State 3. (State how to solve; you don’t need to solve.)
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2. Based on Professor Solberg’s Problem 10, Chapter 6. An airport has two runways, one of
which is used solely for take offs and the other solely for landings. Each plane, whether
taking off or landing, occupies a runway for an average of two minutes, where occupy
means "prevent use by other planes". Delay on the ground, although unpleasant for
passengers, is not a safety hazard; delay in the air, on the other hand, is of serious
concern. Suppose that F.A.A. regulations specify that the mean delay in the air (i.e.,
Wq ) must not exceed ten minutes. Assume that planes arrive according to a Poisson
process.

We are interested in an M/G/c model to study the maximum load in terms of the mean
number of planes that arrive per hour; that is, such that Wq = 10 minutes.

(a) (four points) What is your value of c ? ________

(b) (four points) What is your value of the service rate, µ? _______

(c) (six points) Sketch a pdf (that seems reasonable to you) to model the time that a
plane occupies a runway. (Scale and label both axes.)

(d) (four points) For your answer to Part (c), is the coefficient of variation less than one,
equal to one, or greater than one? (circle one)

< 1 = 1 > 1

(e) (five points) If the time to occupy a runway is exponentially distributed, what is the
corresponding maximal arrival rate?
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3. Based on Professor Solberg’s Problem 19, Chapter 6. An M/G/5/N system is observed for
a long period of time. Statistical estimates (not model results) indicate that the long-
term average number of customers in the system is 200, the average time in the system
is two hours, and that there are 100 arrival attempts per hour.

(a) (four points) Modeling as a continuous-time Markov process, how many states does
the system have? (Here only, you may approximate the M/G/5/N system as
M/M/5/N.)

(b) (six points) Estimate the fraction of arriving customers that are admitted?

(c) (six points) Estimate the steady-state probability that all servers are busy.

(d) (six points) Estimate the steady-state departure rate R .

(e) (four points) Now assume that we know, for each state i , the true arrival rate, λi , and
the true steady-state probability, πi . Write the departure rate R in terms of the λs
and πs.
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z4. Consider the following M/M/1 Monte Carlo simulation, which begins with an empty
system at time zero and considers 1000 customers. The arrival rate is "lambda" and the
service rate is "mu". The time units are hours.

"Schmeiser, April 30, 2006" lambda = 0.1
Single-Server Queueing Simulation (M/M/1) mu = 2.0

Mean = 10.2272 0.4843 0.0233 0.5076
Stdev = 10.5732 0.4903 0.1645 0.5190

Customer Interarrival Service Arrival Time in Departure Time in
Number Time Time Time Queue Time System

1 0.2964 0.1801 0.2964 0.0000 0.4764 0.1801
2 0.3965 0.2225 0.6929 0.0000 0.9154 0.2225
3 12.3211 0.8597 13.0140 0.0000 13.8737 0.8597
4 13.3189 0.4520 26.3329 0.0000 26.7849 0.4520
5 0.8264 0.1330 27.1593 0.0000 27.2923 0.1330
6 9.0189 0.0875 36.1782 0.0000 36.2656 0.0875
7 4.0810 0.2148 40.2592 0.0000 40.4739 0.2148
8 2.9549 1.0567 43.2141 0.0000 44.2708 1.0567
9 4.1652 0.0271 47.3793 0.0000 47.4063 0.0271
10 12.4167 0.1739 59.7960 0.0000 59.9698 0.1739
11 8.3598 0.0137 68.1558 0.0000 68.1695 0.0137
12 6.6580 0.0797 74.8138 0.0000 74.8935 0.0797
13 3.3441 1.0027 78.1579 0.0000 79.1607 1.0027
... ... ... ... ... ... ...
999 9.0179 0.6538 10224.7802 0.0000 10225.4340 0.6538
1000 2.4208 1.8510 10227.2010 0.0000 10229.0520 1.8510

(a) The service time’s estimated mean is 0.4843 hours; the service time’s true mean is 30
minutes.

(two points) Determine the value of the service time’s estimated standard deviation.

(two points) Determine the value of the service time’s true standard deviation.

(two points) Determine the value of the service time’s estimated coefficient of
variation.

(two points) Determine the value of the service time’s true coefficient of variation.
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(b) Let Tq ,i denote time in the queue for Customer i . The most likely value of an
exponential random variable is zero, and indeed zero appears often in the
simulation.

(two points) Is Tq ,500 exponentially distributed? yes no

(three points) What evidence in the simulation results supports your answer?

(c) The known arrival rate is λ = 0.1 and the estimated steady-state mean time in the
system of 0.5076 hours.

(four points) What do you know about the steady-state departure rate, R ?

(d) (five points) The mean number in this M/M/1 system is L = ρ / (1 − ρ) = 0.05 / 0.95.
How can L be estimated from the Monte Carlo results? (Specify a specific formula
based on the numbers in the Monte Carlo results.)
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