
EE 637 Midterm Exam #1

February 21, Spring 2003

Name:

Instructions:

• Follow all instructions carefully!

• This is a 50 minute exam containing three problems.

• You may only use your brain and a pencil (or pen) to complete this exam. You may

not use your book, notes or a calculator.

• This is also homework #1. Please keep it. Complete it as a homework, and hand it in

by Wednesday at 5:00PM together with HW #2.

Good Luck.
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Problem 1.(35pt)

Consider an image f(x, y) with a CSFT given by F (u, v) and a forward projection

pθ(r) = FP {f(x, y)}

=
∫

∞

−∞

f(r cos(θ) − z sin(θ), r sin(θ) + z cos(θ)) dz

and let Pθ(ρ) denote the CTFT of pθ(r).

a)Sketch the 2-D function

f(x, y) = rect
(

√

x2 + y2

)

b) Compute the forward projection pθ(r) when

f(x, y) = rect
(

√

x2 + y2

)

Also, sketch the function pθ(r) on the interval 0 ≤ θ ≤ π, and −2 ≤ r ≤ 2. (Hint: You

may sketch the 2-D plot from above my using hash marks to indicate non-zero values of the

function.)

c) Compute the forward projection p′

θ(r) when

f(x, y) = rect
(

√

(x − r0 cos φ)2 + (y − r0 sin φ)2

)

for arbitrary constants r0 and φ. Also, sketch the function p′

θ(r) on the interval 0 ≤ θ ≤ π,

and −2 ≤ r ≤ 2 with r0 = 1 and φ = 0. (Hint: You may sketch the 2-D plot from above

using hash marks to indicate non-zero values of the function.)

d) Using

f(x, y) = rect
(

√

x2 + y2

)

find a closed form expression for Pθ(ρ) in terms of the jinc(·) function defined in class. (Hint:

circ(x, y)
CSFT
⇔ jinc(u, v))
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Problem 2.(35pt)

Consider the 1-D filter with input x(n) and output y(n) and impulse response given by

h1(n) =
∞
∑

k=0

δ(n − k)ak

where |a| < 1.

Let f(m,n) be an image with columns indexed from left-to-right by m and rows indexed

from top-to-bottom by n. Let g(m,n) be an image produced by filtering first the rows and

then the columns of f(m,n) by the 1-D filter, and let g′(m,n) be an image produced by

filtering first the columns and then the rows of f(m,n) by the 1-D filter

a) Express the relationship between x(n) and y(n) with a 1-D recursive difference equation.

b) Are the images g(m,n) and g′(m,n) equal? Precisely justify your answer.

c) Find the transfer function of the 2-D system

H(z1, z2) =
G(z1, z2)

F (z1, z2)

where G(z1, z2) and F (z1, z2) are the 2-D Z-transform of g(m,n) and f(m,n) respectively.

d) Express the relationship between f(m,n) and g(m,n) with a 2-D recursive difference

equation.

e) What are the potential advantages or disadvantages of implementing this system as a

column-row filter versus direct implementation as a 2-D difference equation?
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Problem 3.(30pt)

Consider the 2-D array of i.i.d. random variables X(m,n) such that for all integer pairs

(m,n), X(m,n) is uniformly distributed on the interval [− 1

2
, 1

2
], and let Y (m,n) result from

the causal difference equation

Y (m,n) = X(m,n) + aY (m − 1, n)

where |a| < 1.

a) Compute and sketch the cumulative density function (CDF) and probability density func-

tion (PDF) for X(m,n).

b) Compute the E[X(m,n)] and the autocorrelation

R(k, l) = E [X(m,n)X(m + k, n + l)]

c) Compute the power spectrum Sx(e
jµ, ejν) of X(m,n).

d) Compute the power spectrum Sy(e
jµ, ejν) of Y (m,n).

e) Assuming 0.5 < a < 1, sketch the 1-D plots of Sy(e
jµ, 1) and Sy(1, e

jν) on the intervals

−π < µ, ν < 2π. Label the values of these plots at critical points such as µ = 0 and ν = 0.

f) Is Y (m,n) a Gaussian random process? Precisely justify your answer.

g) Is Y (m,n) a stationary random process? Precisely justify your answer.
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