
IE 581 — Introduction to Stochastic Simulation Name __ < KEY > __

Three pages of hand-written notes, front and back. Closed book. 120 minutes.

1. True or false. (If you wish, write an explanation of your thinking.)

(a) T When simulating a system using SIMLIB, the system state can change only
at discrete points in time.

(b) F When simulating a system using SIMLIB, the values of "sim_time" must be
integer.

(c) F Although linear control variates do not necessarily reduce variance, nonlinear
control variates do.

(d) T When simulating a system using SIMLIB, observational statistics are
updated using the SAMPST routine.

(e) F When simulating a system using SIMLIB, the next-event list is ordered based
on the type of event.

(f) F When simulating a system using SIMLIB, the "main" routine is automatically
generated.

(g) F Internal control variates require the use of common random numbers.

(h) F When simulating a system using SIMLIB, reducing variance by using
conditional expectations is not possible.

(i) F SIMLIB provides a random-number generator, but no random-variate
generators.

(j) F When simulating a system using SIMLIB, events cannot be scheduled from
the main program.

2. Indicate whether the statistic is a "time average" (T) or "observational" (O).

(a) O Fraction of jobs that overflow.

(b) T Variance of the number of jobs in the first queue.

(c) O Variance of the time in the system.
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3. Using linear control variates does not necessarily reduce variance. Why? (List as many
reasons as you can think of.)

----------------------------------------------------------------------
—The magnitude of the correlation between the original

point estimator and the control variate might be small.
(In the extreme, the control variate would be independent
of the original point estimator.)

—The variance increase due to the control-variate
variance might be large.

—The variance due to estimating the optimal
control-variate weights might be large.
(Equivalently, there might not be many degrees
of freedom for estimating the weights.)

—The relationship between the original point estimator
and the control variate might not be linear.

(Comment: The last two reasons could also cause bias in
the control-variate point estimator.)

----------------------------------------------------------------------
4. Suppose that X = (X 1, X 2, . . . , Xk ) is multivariate normal with known mean

µ = (µ1, µ2, . . . , µk )T and covariance matrix Σ = CC T .

Consider the problem of determining p = P(ai ≤ Xi < bi , i = 1, 2,...,k ) for given bounds
(ai , bi ) for i = 1, 2,.., k .

(a) How can you generate one realization of X ? (Assume that availability of a random-
number generator. Be explicit about every other operation, including how you would
generate a single normal random variate.)

----------------------------------------------------------------------
1. Generate k independent standard normal random variates

to create the vector z T = (z 1, z 2, . . . , zk )T

2. Compute the vecotr x T = (x 1, x 2, . . . , xk )T = µT + Cz T .

Any method can be used to generate one standard normal random
variate. For example, the Box-Muller method.
This part does not require using the inverse transformation,
although some variance-reduction ideas might need the
inverse transformation.

----------------------------------------------------------------------
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(b) Write pseudo-code to estimate p based on n realizations of X . (Assume that the logic
of your answer to Part (a) is embedded in a function called rmnormal.)

----------------------------------------------------------------------
count = 0
loop n times

generate (x_1,...,x_k) using rmnormal from Part (a).
success = 1
loop k times, i=1..k

if ( x _ i < a_i or b_i < x_i) then success = 0
count = count + success

phat = count / n
Here p̂ is phat .

(Comment: An improvement would be to break from the inner
loop whenever "success = 0". Another, possible only if the
rmnorml logic is available, is to generate only xi
in the i th loop.)

----------------------------------------------------------------------
(c) Explain how to estimate the standard error of your estimator in Part (b).

----------------------------------------------------------------------

steˆ (p̂ ) =
R
J
Q n − 1

p̂ ( − p̂ )hhhhhhhh
H
J
P

1 / 2

----------------------------------------------------------------------
(d) Suggest one variance-reduction idea to improve your experiment.

(Be explicit about how you would apply the idea.)

----------------------------------------------------------------------
Many correct answers. Here are some examples.

Antithetic variates. For every vector z , consider also −z .
In addition to the induced negative correlation, the 2n
observations cost a bit less than double the original n
observations.

Conditional expectation. Rather than check whether a 1 ≤ x 1 ≤ b 1
and scoring zero or one, score P(a 1 ≤ X 1 ≤ b 1).
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Importance sampling. Sample from the multivariate normal
distribution with vector mean µ* having components
µ*i = (a 1 + bi ) / 2 and standard deviations σi = bi − ai , leaving
the correlations unchanged. As always in importance sampling,
weight each observation (zero or one here) by the ratio of the
original density and the sampling density.
(Question: Is this a good idea? Are there better mean and
standard deviation choices?)

Internal control variates. If one control, the mean of the i th
component, where i maximizes P(ai ≤ Xi ≤ bi ).
If multiple controls, additional means or standard deviations.

External control variates. Solve the related problem that differs
only by assuming that the components of X are independent.
Simulate both problems using common random numbers.
Use the related point estimator to control the orginial point
estimator.

Stratified sampling. Use the inverse cdf transformation for each
of the k dimensions. Stratify the corresponding uniform (0, 1)
into n equally likely strata.

----------------------------------------------------------------------
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5. Let L (t ) denote the number of customers in the system at time t in a steady-state simulation.
We wish to estimate the long-term variance of the number of customers in the system,
θ = limt →∞V(L (t )). Suppose that we observe L (t ) from time t = 0 until the simulation
ends at time t end.

(a) State in everyday language the meaning of θ = limt →∞V(L (t )).
----------------------------------------------------------------------
Consider the number of customers in the system at a time τ
far into the future. Here "far in the future" means that there
is no longer any influence from the state of the system at t = 0.

We are interested in the variance of the number of customers in
the system at time τ.

The term "variance" is the usual statistical concept of average
squared distance from the mean, which here is the average number
of customers at time τ.
----------------------------------------------------------------------

(b) Write a reasonable point estimator θ̂.
----------------------------------------------------------------------
Let θ1 ≡

t →∞
lim E(L (t )) and θ2 ≡

t →∞
lim E([L (t )]2).

Then θ ≡ θ(2) − θ(1)
2 .

One reasonable point estimator is θ̂ ≡ θ̂(2) − θ̂(1)
2

, where

θ̂(1) ≡
I
L∫d

t
end

L (t ) dt
M
O / (t end − d )

and

θ̂(2) ≡
I
L∫d

t
end

L (t )2dt
M
O / (t end − d ).

Here d is some non-negative constant corresponding to
discarded data collected during [0, d ].
----------------------------------------------------------------------

(c) Write a reasonable estimator for the standard erorr of your answer to Part (b).
----------------------------------------------------------------------
Because the data are time based and there is only one long
run, use micro/macro replications. For k macro-replications,
partition the simulation time interval (d , t end) into k
non-overlapping batches, each of length (t end − d ) / k .

For j = 1, 2,..., k , define θ̂j analogously to θ̂
using only the data from the j th batch.

Then steˆ (θ̂) = S / √ddk , where

S 2 = R
Q[Σj =1

k θ̂j
2
] − k (θ̂d)2 H

P / (k − 1)

and θ̂d is the sample average of the θ̂1 through θ̂k .
----------------------------------------------------------------------
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